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HORIZONTALLY AFFINE MAPS ON STEP-TWO CARNOT GROUPS
ENRICO LE DONNE, DANIELE MORBIDELLI, AND SE´VERINE RIGOT
Abstract. In this paper we introduce the notion of horizontally affine, h-affine in short,
maps on step-two Carnot groups. When the group is a free step-two Carnot group, we
show that such class of maps has a rich structure related to the exterior algebra of the
first layer of the group. Using the known fact that arbitrary step-two Carnot groups can
be written as a quotient of a free step-two Carnot group, we deduce from the free step-
two case a description of h-affine maps in this more general setting, together with several
characterizations of step-two Carnot groups where h-affine are affine in the usual sense,
when identifying the group with a real vector space. Our interest for h-affine maps stems
from their relationship with a class of sets called precisely monotone, recently introduced
in the literature, as well as from their relationship with minimal hypersurfaces.
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1. Introduction
In this paper we introduce the notion of horizontally affine map on step-two Carnot
groups and give a complete description of such maps. It turns out that when the group is
a free step-two Carnot group such class of maps has a rich structure related to the exterior
algebra of the first layer of the group. We shall also see that a description of horizontally
affine maps on arbitrary step-two Carnot groups can be deduced from the free step-two
case, using the known fact that any step-two Carnot group can be written as a quotient of
a free step-two Carnot group.
To introduce the discussion let us state some of our conventions about step-two Carnot
groups. We refer to Section 2 for more details. Let G := V1 × V2 be the product of two
finite-dimensional real vector spaces with V2 6= {0}. Let [·, ·] : V1 × V1 → V2 be a bilinear
skew-symmetric map satisfying span{[x, x′] : x, x′ ∈ V1} = V2 and define on V1 × V2 the
group operation
(1.1) (x, z) · (x′, z′) = (x+ x′, z + z′ + [x, x′]) for all (x, z), (x′, z′) ∈ V1 × V2.
We denote by (G, ·), or equivalently (V1 × V2, [·, ·]), the structure of step-two Carnot group
induced by (1.1).
Given a step-two Carnot group (G, ·) = (V1 × V2, [·, ·]), a map f : G → R is said to be
horizontally affine, or h-affine, briefly f ∈ Ah(G), if for all (x, z) ∈ V1 × V2 and y ∈ V1
the function t ∈ R 7→ f ((x, z) · (ty, 0)) is affine. In other words, the map f is affine along
all horizontal lines of the step-two Carnot group structure induced by (1.1). Note that
the notion of h-affine map is a purely algebraic notion and it has in particular no relation
with the choice of a subRiemannian metric structure on G. We will indeed never need
to make use of any such subRiemannian metric structure in the present paper. We shall
keep the standard terminology saying that a map f : G = V1 × V2 → R is affine, briefly
f ∈ A(V1× V2), to mean that f is affine in the usual sense with respect to the vector space
structure of V1 × V2.
Our purposes in the present paper are twofold. First, we give a complete description of
h-affine maps on both free and arbitrary step-two Carnot groups. Second, we deduce from
this description several characterizations of step-two Carnot groups where h-affine maps are
affine. Note indeed that by elementary properties of step-two Carnot groups, it turns out
that each affine map f ∈ A(V1 × V2) is h-affine. In other words, in any step-two Carnot
group, A(V1 × V2) is a linear subspace of Ah(G), see the discussion in Section 2. However,
this inclusion may be strict, as we shall see.
Our interest for h-affine maps stems from the relation between these maps and a class of
subsets called precisely monotone. A set E ⊂ G is said to be precisely monotone if both E
and Ec are h-convex, see for instance [13] for the notion of h-convex sets, or the discussion
after Proposition 3.1. It is rather easy to see that sublevel sets of h-affine maps are precisely
monotone. Precisely monotone sets have appeared first in papers of Cheeger and Kleiner [4]
and Cheeger, Kleiner, and Naor [5] on embeddability properties of the Heisenberg group.
They also appear in a recent paper by Naor and Young [12], and in the work by the third
author with Fa¨ssler and Orponen [7]. They have been classified in some step-two Carnot
groups, namely, in the first Heisenberg group, denoted as F2 in the present paper, by Cheeger
and Kleiner [4], in all higher dimensional Heisenberg groups by Naor and Young [12], and in
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the direct product F2×R by the second author [11]. It is shown in these papers that if G is
one of the above mentioned step-two Carnot groups and E /∈ {∅,G} is precisely monotone,
then ∂E is a hyperplane, i.e., a codimension one affine subspace of the vector space V1×V2,
and Int(E) and E are one of the open, respectively closed, half-spaces bounded by ∂E. A
natural question raised by the previous papers is whether such property holds in arbitrary
Carnot groups. There are known examples of step-three Carnot groups where there are
precisely monotone, and even constant horizontal normal, sets that are not half-spaces,
see [8, 1, 2]. As a corollary of our results, one gets that such a phenomenon may already
happen in step-two Carnot groups. Namely, in those—that do exist as we shall see—where
there are h-affine maps that are not affine, i.e., when Ah(G) \ A(V1 × V2) 6= ∅. In such
groups sublevel sets of h-affine maps that are not affine give indeed examples of precisely
monotone sets that are not half-spaces. Given a precisely monotone subset E /∈ {∅,G} of a
step-two Carnot group G, it is then natural to ask whether Int(E) and E are still the open,
respectively closed, sublevel sets of some h-affine map. This will be studied in a forthcoming
paper.
Beyond their relationship with precisely monotone sets, our interest for h-affine maps is
also motivated by the fact that these maps can be shown to be harmonic with respect to
any subLaplacian on (G, ·). Furthermore it can also be shown that their sublevel sets admit
a calibration and hence are minimizers for the intrinsic perimeter. This will be also studied
in a forthcoming paper.
In order to state our first main result, let us introduce the free step-two Carnot group of
rank n as Fn := Λ
1(Rn)×Λ2(Rn) with coordinates (θ, ω) ∈ Λ1(Rn)×Λ2(Rn) and group law
(θ, ω) · (θ′, ω′) :=
(
θ + θ′, ω + ω′ + θ ∧ θ′
)
for (θ, ω), (θ′, ω′) ∈ Λ1(Rn)× Λ2(Rn). See Section 2 for details.
In Theorem 1.1 below, we give a description of h-affine maps on free step-two Carnot
groups. We shall prove that Ah(F2) = A(Λ
1(R2) × Λ2(R2)) while A(Λ1(Rn) × Λ2(Rn))  
Ah(Fn) for n ≥ 3. Before giving the general statement, let us look at the first case where
there are h-affine maps that are not affine. Namely, we consider F3 = Λ
1(R3)× Λ2(R3). In
this case, we show that f ∈ Ah(F3) if and only if there are ηj ∈ Λ
j(R3) for j = 0, 1, 2, 3,
such that
(1.2) f(θ, ω) dx1 ∧ dx2 ∧ dx3 = η3 + θ ∧ η2 + ω ∧ η1 + θ ∧ ω ∧ η0 ,
where dx1, dx2, dx3 denotes the standard basis of Λ
1(R3), and such ηj ’s are unique. The
first three terms in the right hand side of (1.2) are affine maps on Λ1(R3) × Λ2(R3) –
when identifying Λ3(R3)-valued maps with real-valued maps – and hence belong to Ah(F3).
Concerning the last term, an easy computation shows that, for every η0 ∈ Λ
0(R3), the map
(θ, ω) ∈ Λ1(R3) × Λ2(R3) 7→ θ ∧ ω ∧ η0 is h-affine, but obviously not affine when η0 6= 0.
The main point in our analysis is thus to show that, conversely, every map f ∈ Ah(F3) can
be written in a unique way as in (1.2). Theorem 1.1 generalizes (1.2) to any dimension.
To this aim, we shall prove that, if f ∈ Ah(Fn), then, for every (θ, ω) ∈ Fn, the map
t ∈ (0,+∞) 7→ (f ◦ δt)(θ, ω) is a polynomial whose coefficients can be written as wedge
products and correspond to each one of the terms in the right hand side of (1.2) when
n = 3. Here δt : Fn → Fn denotes the dilation defined by δt(θ, ω) := (tθ, t
2ω) for t > 0. The
precise statement reads as follows.
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Theorem 1.1. Let n ≥ 2 be an integer. Then Ah(Fn) and ⊕
n
k=0Λ
k(Rn) are isomorphic as
real vector spaces. Namely, f ∈ Ah(Fn) if and only if there is (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn)
such that
(1.3) f(θ, ω) dx1 ∧ · · · ∧ dxn =
⌊n
2
⌋∑
k=0
ωk ∧ ηn−2k +
⌊n−1
2
⌋∑
k=0
θ ∧ ωk ∧ ηn−2k−1 .
Furthermore, such an (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) is unique. More precisely, for every
(θ, ω) ∈ Fn, the map t ∈ (0,+∞) 7→ (f ◦ δt)(θ, ω) is a polynomial with degree ≤ n, and,
denoting its coefficients by fj(θ, ω), namely,
fj(θ, ω) :=
1
j!
dj
dtj
(f ◦ δt)(θ, ω)
∣∣∣∣
t=0
,
we have
(1.4) ωk ∧ ηn−2k = f2k(θ, ω) dx1 ∧ · · · ∧ dxn for k ∈
ß
0, . . . ,
õ
n
2
û™
,
(1.5) θ ∧ ωk ∧ ηn−2k−1 = f2k+1(θ, ω) dx1 ∧ · · · ∧ dxn for k ∈
ß
0, . . . ,
õ
n− 1
2
û™
.
In the statement above we used the standard notation ωk := ω ∧ · · · ∧ ω to denote the
k-th exterior power of ω ∈ Λ2(Rn), while ⌊p⌋ denotes the largest integer less than or equal
to p ∈ R.
More explicitly, the decomposition given in (1.3) can be written as
(1.6) f(θ, ω) dx1 ∧ · · · ∧ dxn
= ηn + θ ∧ ηn−1 + ω ∧ ηn−2 + θ ∧ ω ∧ ηn−3 + ω
2 ∧ ηn−4 + · · · =:
n∑
k=0
ψ˜ηn−k(θ, ω)
where ηn−k ∈ Λ
n−k(Rn) and the last term has the form ωn/2 ∧ η0 or θ ∧ ω
(n−1)/2 ∧ η0
depending on whether n is even or odd. We refer to Definition 5.1 for an explicit definition
of the maps ψ˜ηn−k : Fn → Λ
n(Rn).
In order to explain the geometric heuristic behind this decomposition, let us first go
back to the first Heisenberg group F2 = Λ
1(R2) × Λ2(R2). In this case we have Ah(F2) =
A(Λ1(R2)×Λ2(R2)) and a map is h-affine on F2 if and only if it can be written as (θ, ω) ∈
Λ1(R2) × Λ2(R2) 7→ η2 + θ ∧ η1 + ω ∧ η0 for some ηj ∈ Λ
j(R2) for j = 0, 1, 2. For η0 6= 0,
the zero level set of last term in this decomposition is Λ1(R2) × {0} and can be viewed as
the union of all Lie subgroups of F2 generated by an element in Λ
1(R2). Passing to F3, let
us consider the set Σ that is the union of all Lie subgroups of F3 that are generated by two
elements in Λ1(R3). It turns out that Σ = {(θ, ω) ∈ Λ1(R3) × Λ2(R3) : θ ∧ ω = 0}, see
Remark 3.6, and therefore Σ coincides with the zero level set of the last term in the right
hand side of (1.2) when η0 6= 0. More generally, it can be proved that, for η0 ∈ Λ
0(Rn)\{0},
the zero level set of the last term ψ˜η0 in (1.6) coincides with the union of all Lie subgroups
of Fn generated by (n− 1) elements in Λ
1(Rn).
The second main result of the present paper gives a description of h-affine maps on
arbitrary step-two Carnot groups. Our starting point is the known fact that any step-two
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Carnot group can be written as a quotient of a free step-two Carnot group, see the discussion
at the end of Section 2. Given a step-two Carnot group G, a surjective Carnot morphism
pi : Fn → G, and η ∈ Λ
k(Rn) for some k ∈ {0, . . . , n}, we shall first give a necessary
and sufficient condition for a map ψ˜η : Fn → Λ
n(Rn) corresponding to some term in the
decomposition (1.6) to factor through the quotient map pi. Namely, we prove that there is
a map ψη : G→ Λ
n(Rn) such that ψ˜η = ψη ◦ pi if and only if Kerpi ⊂ Anh
1,2
∧ η, where
Anh1,2∧ η := {(θ, ω) ∈ Fn : θ ∧ η = 0 and ω ∧ η = 0} .
Moreover, such a map ψη is unique and is h-affine on G – when identifying Λ
n(Rn)-valued
maps with real-valued maps. We next show that all h-affine maps on G can be written in
a unique way as a sum of maps obtained by this procedure. The precise statement of this
latter result is given in Theorem 1.2 below. We recall that the rank of a step-two Carnot
group G = V1 × V2 is given by rankG := dimV1, and for t > 0, we denote by δt : G → G
the dilation defined by δt(x, z) := (tx, t
2z). Given a Carnot morphism pi : Fn → G and
k ∈ {0, . . . , n}, we denote by Λk(pi) the linear subspace of Λk(Rn) defined by
Λk(pi) :=
¶
η ∈ Λk(Rn) : Kerpi ⊂ Anh1,2∧ η
©
.
Theorem 1.2. Let G be a step-two Carnot group with rank r.
• Let f ∈ Ah(G). Then, for every (x, z) ∈ G, the map t ∈ (0,+∞) 7→ (f ◦ δt)(x, z) is a
polynomial with degree ≤ r and we denote its coefficients by fj(x, z), namely,
fj(x, z) :=
1
j!
dj
dtj
(f ◦ δt)(x, z)
∣∣∣∣
t=0
.
• Let n ≥ r be an integer and pi : Fn → G be a surjective Carnot morphism. Then Ah(G)
and ⊕nk=n−rΛ
k(pi) are isomorphic as real vector spaces. Namely, f ∈ Ah(G) if and only if
there is (ηn−r, . . . , ηn) ∈ ⊕
n
k=n−rΛ
k(pi) such that
f =
n∑
k=n−r
ψηk ,
where, for each ηk ∈ Λ
k(pi), the map ψηk is uniquely defined by the identity ψ˜ηk = ψηk ◦ pi
on Fn. Furthermore, such an (ηn−r, . . . , ηn) ∈ ⊕
n
k=n−rΛ
k(pi) is unique and, for k ∈ {n −
r, . . . , n}, we have
ψηk = fn−k .
In the above statement we identify again each ψηk : G → Λ
n(Rn) with a real-valued
map. Note that, given any integer n ≥ rankG, there exists a surjective Carnot morphism
pi : Fn → G and we could have restrict ourselves to the case n = rankG. However, it may
be convenient to be more flexible, so that we consider here all possible cases.
Next, using Theorem 1.2 we give various characterizations of step-two Carnot groups
(G, ·) = (V1 × V2, [·, ·]) for which Ah(G) = A(V1 × V2), i.e., where h-affine maps are affine.
This will be done in several different ways in Theorems 5.11 and 5.12, among which the
following ones,
• Ah(G) = A(V1 × V2) if and only if given a surjective Carnot morphism pi : Fn → G, we
have Λn−3(pi) = {0},
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• Ah(G) 6= A(V1 × V2) if and only if there is a non zero bilinear map b : V1 × V2 → R
satisfying b(x, [x, x′]) = 0 for all x, x′ ∈ V1.
We refer to Theorem 5.11 for several useful variants of the first characterization given
above.
We will conclude this paper with some consequences of the results previously established.
Let us mention here some of them that have a general flavour, and let us refer to Section 6
for more details. We shall first give examples of step-two Carnot groups where h-affine
maps are affine. We prove in Proposition 6.1 that groups of Me´tivier’s type are some of
them, but these are not the only ones, see Example 6.2. We next prove that the fact that
h-affine maps are affine is preserved under direct product with Rd, Proposition 6.3, as well
as under direct product between step-two Carnot groups, Proposition 6.4. We also deduce
from our previous results some necessary or sufficient conditions for the existence of h-affine
maps that are not affine. On concrete examples, such conditions may be easier to work with
than the more abstract necessary and sufficient conditions given in Theorems 5.11 and 5.12.
However, we stress that none of these implications can be reversed, as can be seen from
the various explicit examples given in Section 6. Namely, we prove that if h-affine maps
on a step-two Carnot group are affine then this holds also true in each one of its proper
quotients, Proposition 6.5. As a consequence, we get that if a step-two Carnot group
G = V1 × V2 has F3 as one of its quotient then A(V1 × V2)  Ah(G), Corollary 6.6. We
also prove that the existence of h-affine maps that are not affine implies the existence of a
Lie subgroup isomorphic to F3, Proposition 6.8. To conclude this introduction, let us make
a last comment. Recall that an affine map defined on an affine subspace of a vector space
can always be extended to an affine map on the whole space. Such an extension property
can not be rephrased in our setting. Namely, there are examples of step-two Carnot groups
G where the following holds true. There is a Lie subgroup H of G on which the step-two
Carnot group structure of G induces a structure of step-two Carnot group and there are
maps f ∈ Ah(H) that can not be extended to some h-affine map on the whole group G, see
the discussion at the end of Section 6.
The rest of the paper is organized as follows. Section 2 contains our conventions and
notations about step-two Carnot groups and h-affine maps. We also give there useful easy
facts for later reference. We prove in Section 3 some properties of h-affine maps that will
be key ingredients in the proof of Theorem 1.1. The main results in this section are the fact
that Ah(F2) = A(Λ
1(R2) × Λ2(R2)), see Corollary 3.5, and Proposition 3.7 that provides
a larger set of directions along which h-affine maps are affine, namely, those belonging
to a Lie subgroup generated by two elements in V1. Section 4 is devoted to the proof
of Theorem 1.1. A description of the main steps towards the proof of Theorem 1.1 can
be found at the beginning of Sections 4.2 and 4.3. In Section 5 we consider arbitrary
step-two Carnot groups and prove Theorem 1.2 as well as Theorem 5.11 and 5.12 that gives
several characterizations of step-two Carnot groups where h-affine maps are affine. Section 6
contains applications and examples as briefly described a few lines above.
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2. Preliminaries
A model for step-two Carnot groups is given as follows. As a manifold we have
G := V1 × V2
where V1 and V2 are finite-dimensional real vector spaces with V2 6= {0}. We denote elements
in G by (x, z) with x ∈ V1 and z ∈ V2. The product of two elements (x, z), (x
′, z′) in G is
given by
(x, z) · (x′, z′) = (x+ x′, z + z′ + [x, x′])
where [·, ·] : V1 × V1 → V2 is a bilinear skew-symmetric map such that
(2.1) span{[x, x′] : x, x′ ∈ V1} = V2 .
The rank of G is given by rankG := dimV1. We shall denote a step-two Carnot group either
asG := (G, ·) or V1×V2 := (V1×V2, [·, ·]). It is easy to check that the identity in (G, ·) is (0, 0)
and (x, z)−1 = (−x,−z) for (x, z) ∈ G. Observe also that the assumption (2.1) is equivalent
to the well known Ho¨rmander condition of step two. Namely, any independent family
of rankG horizontal left-invariant vector fields satisfies the step-two bracket-generating
condition. Recall that a left-invariant vector field X on (G, ·) is said to be horizontal if
X(0, 0) ∈ V1 × {0}.
For t > 0, we denote by δt : G→ G the dilation defined by δt(x, z) := (tx, t
2z). We recall
that the family of dilations (δt)t>0 is a one-parameter group of automorphisms of the Lie
group (G, ·).
We introduce in the next definition the notion of real-valued maps affine along a given
set of directions with respect to the step-two Carnot group structure.
Definition 2.1. Let (G, ·) be a step-two Carnot group. Given A ⊂ G, we say that a map
f : G → R is affine along directions in A, or A-affine in short, if for every (x, z) ∈ G and
every (x′, z′) ∈ A, the map t ∈ R 7→ f((x, z) · (tx′, tz′)) is affine.
We shall keep the standard terminology saying that a map f : G = V1 × V2 → R is affine
to mean that f is affine in the usual sense with respect to the vector space structure of
V1 × V2. We denote by A(V1 × V2) the real vector space of all affine maps f : V1 × V2 → R.
More generally, given a real vector space V , we denote by A(V ) the space of all real-valued
affine maps on V .
Note that, for all (x, z), (x′, z′) ∈ G, the set {(x, z) · (tx′, tz′) : t ∈ R} = {(x + tx′, z +
t(z′ + [x, x′])) : t ∈ R} is a one-dimensional affine subspace of V1 × V2. Therefore an affine
map f ∈ A(V1 × V2) is A-affine – in the sense of Definition 2.1 – for every set of directions
A ⊂ G, and in particular, f is V1 × V2-affine. Conversely, if a map f is V1 × V2-affine
then f is affine, i.e., belongs to A(V1 × V2). This indeed follows from the fact that every
one-dimensional affine subspace {(x+ tx′, z+ tz′) : t ∈ R} of V1×V2 can in turn be written
as {(x, z) · (tx′, t(z′− [x, x′])) : t ∈ R} together with the fact that a map is affine if and only
if it is affine along all directions with respect to the vector space structure of V1 × V2. Let
us indeed recall the following elementary fact about affine maps between real vector spaces
that we shall use several times in the rest of this paper.
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Lemma 2.2. Let V , V ′ be real vector spaces and let A(V, V ′) denote the space of all affine
maps from V to V ′ (in the usual sense with respect with the vector space structure of V and
V ′). Then f ∈ A(V, V ′) if and only if for every v,w ∈ V , the map t ∈ R 7→ f(v + tw) is
affine, i.e., belongs to A(R, V ′).
Remark 2.3. Going back to Definition 2.1, let us observe for further use the following easy
fact. Given A ⊂ G and f : G → R, the following three properties are equivalent. First,
f is A-affine. Second, there is (x, z) ∈ G such that f ◦ L(x,z) is A-affine. Third, for every
(x, z) ∈ G, the map f ◦ L(x,z) is A-affine. Here L(x,z) : G → G denotes the left-translation
defined by L(x,z)(x
′, z′) := (x, z) · (x′, z′) for (x, z), (x′, z′) ∈ G.
We will more specifically be interested in horizontally affine maps, i.e., maps that are
affine along all directions in the first layer V1 of the group, in the intrinsic sense of Defini-
tion 2.1. We identify here, and in the next definition, V1 with a subset of G in the obvious
way. More generally, and mainly for technical convenience, we may identify subsets A of
V1, respectively V2, with subsets of G in the obvious way, i.e., with A × {0} ⊂ V1 × V2,
respectively {0}×A ⊂ V1×V2. When used without being specified, this identification shall
be clear from the context.
Definition 2.4 (h-affine maps). Let (G, ·) = (V1×V2, [·, ·]) be a step-two Carnot group. We
say that a map f : G → R is horizontally affine, or h-affine in short, if f is V1-affine. In
other words, f is h-affine if for all x, y ∈ V1 and z ∈ V2, the map t ∈ R 7→ f((x, z) · (ty, 0))
is affine. We denote by Ah(G) the real vector space of h-affine maps on G.
It follows from the discussion a few lines above that affine maps on a step-two Carnot
group are h-affine, namely,
(2.2) A(V1 × V2) is a linear subspace of Ah(G) .
We shall see that this inclusion may be strict.
Remark 2.5. Note that h-affine maps are h-convex in the sense of [13, Definition 2.2] and
hence are continuous by [13, Theorem 1.1].
Remark 2.6. Easy computations show that, if f ∈ Ah(G), then f ◦ δt ∈ Ah(G) for every
t > 0.
We recall in the next definition the notion of Carnot morphism in our specific setting of
step-two Carnot groups.
Definition 2.7 (Carnot morphism). Let (G, ·) = (V1×V2, [·, ·]) and (G
′, ·′) = (V ′1×V
′
2 , [·, ·]
′)
be step-two Carnot groups. A map pi : G → G′ is said to be a Carnot morphism if there
are linear maps pi1 : V1 → V
′
1 and pi2 : V2 → V
′
2 such that pi2([x, y]) = [pi1(x), pi1(y)]
′ for all
x, y ∈ V1 and pi(x, z) = (pi1(x), pi2(z)) for all (x, z) ∈ G.
Remark 2.8. We stress that a Carnot morphism is both a group homomorphism as a map
from the group (G, ·) with values in the group (G′, ·′) and a linear map as a map from the
vector space V1 × V2 with value in the vector space V
′
1 × V
′
2 . We also recall that Carnot
morphisms commute with dilations.
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We note for further use that the property for a map to be h-affine is preserved under
pre-composition by a surjective Carnot morphism, as shows the next simple lemma.
Lemma 2.9. Let G and G′ be step-two Carnot groups and pi : G → G′ be a surjective
Carnot morphism. Then f ∈ Ah(G
′) if and only if f ◦ pi ∈ Ah(G).
Proof. We follow in this proof the notations introduced in Definition 2.7. Assume that
f ∈ Ah(G
′). Let (x, z) ∈ G, y ∈ V1, t ∈ R. We have (f◦pi)((x, z)·(ty, 0)) = f((x
′, z′)·(ty′, 0))
where (x′, z′) := pi(x, z) and y′ := pi1(y). Therefore the map t ∈ R 7→ (f ◦ pi)((x, z) · (ty, 0))
is affine. Hence f ◦ pi ∈ Ah(G). Conversely, assume that f ◦ pi ∈ Ah(G). Let (x
′, z′) ∈ G′,
y′ ∈ V ′1 , t ∈ R. Since pi is surjective, there are (x, z) ∈ G, y ∈ V1 such that pi(x, z) = (x
′, z′)
and pi1(y) = y
′. Then f((x′, z′) · (ty′, 0)) = (f ◦ pi)((x, z) · (ty, 0)). Therefore the map
t ∈ R 7→ f((x′, z′) · (ty′, 0)) is affine. Hence f ∈ Ah(G
′). 
Given step-two Carnot groups G and G′, we say that they are isomorphic if there is a
bijective Carnot morphism, or Carnot isomorphism in short, pi : G → G′. Lemma 2.9 has
the following straightforward consequence.
Corollary 2.10. Let G = V1×V2 and G
′ = V ′1 ×V
′
2 be isomorphic step-two Carnot groups.
Then A(V1 × V2) = Ah(G) if and only if A(V
′
1 × V
′
2) = Ah(G
′).
Proof. Assume that A(V1×V2) = Ah(G) and let f ∈ Ah(G
′). By Lemma 2.9 we know that
f ◦ pi ∈ Ah(G) where pi : G → G
′ is a Carnot isomorphism. Therefore f ◦ pi ∈ A(V1 × V2).
Since pi−1 : V ′1 × V
′
2 → V1 × V2 is a linear map (recall Remark 2.8), it follows that f =
(f ◦ pi) ◦ pi−1 ∈ A(V ′1 × V
′
2). 
Free step-two Carnot groups will play a central role in our study of h-affine maps. Given
an integer n ≥ 2, a model for the free step-two Carnot group of rank n is given by
Fn := Λ
1(Rn)× Λ2(Rn) .
Here, as well as in the rest of this paper, given an integer k with 0 ≤ k ≤ n, we denote
by Λk(Rn) the real vector space of alternating k-linear forms, or k-forms in short, over Rn.
Denoting elements in Fn by (θ, ω) with θ ∈ Λ
1(Rn) and ω ∈ Λ2(Rn), the product of two
elements (θ, ω), (θ′, ω′) in Fn is given by
(θ, ω) · (θ′, ω′) = (θ + θ′, ω + ω′ + θ ∧ θ′) .
Note that F2 is nothing but the first Heisenberg group.
More specifically, surjective Carnot morphisms from a free step-two Carnot group Fn onto
step-two Carnot groups with rank ≥ n will play a key role in some of our arguments. For
the sake of completeness, we recall in the following statement the well-known existence of
such surjective Carnot morphisms.
Theorem 2.11. Let G be a two-step Carnot group and n ≥ rankG be an integer. Then
there is a surjective Carnot morphism pi : Fn → G.
For a proof of Theorem 2.11 when n = rankG we refer for instance to [3, Theorem 17.1.5]
where the result is obtained as a nilpotent version of the celebrated lifting theorem by
Rothschild and Stein. More explicitly, given a step-two Carnot group (G, ·) = (V1×V2, [·, ·])
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with rank r, there is a surjective Carnot morphism pi = (pi1, pi2) : Λ
1(Rr)×Λ2(Rr)→ V1×V2,
where pi1 : Λ
1(Rr)→ V1 is a linear isomorphism and pi2 : Λ
2(Rr)→ V2 is a linear surjective
map. Note that for each integer n ≥ r it is easy to construct a surjective Carnot morphism
from Fn onto Fr and therefore a surjective Carnot morphism from Fn onto G. We informally
express this property by saying that G is a quotient of Fn.
3. First properties of horizontally affine maps
The main results in this section are the following ones. First, h-affine maps on the first
Heisenberg group F2 are affine, see Corollary 3.5. Second, h-affine maps on a step-two
Carnot group G = V1 × V2, that are, by definition, affine along all directions in the first
layer V1 of the group, are actually affine along a larger set of directions. Namely, they are
affine along all directions that belong to a Lie subgroup of G generated by two elements in
V1, see Proposition 3.7. As a first step, we show in Proposition 3.1 that h-affine maps are
also affine along directions in V2 that are of the form [x, y] for some x, y ∈ V1. The proof
of Proposition 3.1 has a geometric flavour and is based on results by the second author [11]
about precisely monotone sets. In Proposition 3.4 we prove that a map that is both h-
affine and V2-affine has a particular quadratic form. Corollary 3.5 comes as a consequence
of Propositions 3.1 and 3.4 and Proposition 3.7 is in turn obtained as a consequence of
Corollary 3.5. Let us also mention that Proposition 3.7 has the following consequence that
will be one of the key points in Section 4. For any fixed z ∈ V2, a h-affine map is affine, in
the usual sense, in the variable x ∈ V1, see Corollary 3.8.
Throughout this section we let (G, ·) = (V1 × V2, [·, ·]) denote a step-two Carnot group.
We set
[V1, V1] := {[x, x
′] ∈ V2 : x, x
′ ∈ V1} .
Note that [V1, V1] may not be a linear subspace of V2. It should not be confused with the
subspace span[V1, V1] which by assumption (2.1) agrees with V2. More precisely, we have
[V1, V1] = V2 if and only if the map [·, ·] : V1 × V1 → V2 is surjective.
Proposition 3.1. If f ∈ Ah(G), then f is [V1, V1]-affine.
Recall that in the statement above, the set [V1, V1] is identified with {0}×[V1, V1] ⊂ V1×V2.
We recall some definitions to be used in the proof of Proposition 3.1. We say that a subset
of a step-two Carnot group (G, ·) = (V1 × V2, [·, ·]) is a horizontal line if it is of the form
{(x, z) · (tx′, 0) : t ∈ R} for some (x, z) ∈ G, x′ ∈ V1 \ {0}. A subset E ⊂ G is said to
be precisely monotone if every horizontal line intersects both E and its complement in a
connected set. Equivalently, E is precisely monotone if and only if E and Ec are h-convex
in the sense of [13, Definition 2.2]. We say that two points in G are horizontally aligned,
or h-aligned in short, if they are contained in some horizontal line. Equivalently, (x, z),
(x′, z′) ∈ G are h-aligned if and only if (x, z)−1 · (x′, z′) ∈ V1 × {0}.
Remark 3.2. Consider the direct product G×R := (V1×R)×V2 equipped with the step-two
Carnot group structure induced by [(x, u), (x′, u′)]V1×R := [x, x
′] for (x, u), (x′u′) ∈ V1 × R.
Given f ∈ Ah(G), the set E := {(x, u, z) ∈ V1 × R × V2 : u ≥ f(x, z)} is a precisely
monotone subset of G × R. Indeed, let x, y ∈ V1, u, v ∈ R, and z ∈ V2. Consider the
horizontal line γ(R) in G × R, where γ(t) := (x, u, z) · (ty, tv, 0). Look at the function
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F (x, u, z) := u− f(x, z). Note that E = {(x, u, z) ∈ V1 × R × V2 : F (x, u, z) ≥ 0}. Since f
is h-affine, the function t ∈ R 7→ F (γ(t)) = u + tv − f((x, z) · (ty, 0)) is affine. Therefore
both γ(R) ∩ E and γ(R) ∩ Ec are connected.
Proof of Proposition 3.1. By Remark 2.3 it is enough to consider the case where f ∈ Ah(G)
is such that f(0, 0) = 0 and to prove that, for every x, y ∈ V1, the map t ∈ R 7→ f(0, t[x, y])
is linear. We set
E := {(x, u, z) ∈ V1 × R× V2 : u ≥ f(x, z)} .
By Remark 3.2 we know that E is a precisely monotone subset of the direct product G×R =
(V1 × R)× V2. Since f is continuous (see Remark 2.5) we have
(3.1) ∂E = {(x, f(x, z), z) ∈ V1 × R× V2 : (x, z) ∈ G} .
Let x, y ∈ V1 \ {0} be given. We know from [11, Lemma 3.5] that one can find in G× R
a horizontal line through (0, 0, 0) ∈ ∂E that is contained in the plane {(sx, u, 0) : s, u ∈ R}
and contained in ∂E. Note that such a horizontal line can not be of the form {(0, s, 0) ∈
V1×R× V2 : s ∈ R} since (0, s, 0) ∈ Int(E) for s ∈ (0,+∞). Therefore, one can find α ∈ R
such that γx(s) := (sx, sα, 0) ∈ ∂E for all s ∈ R. Similarly, one can find β ∈ R such that
γy(s) := (0, f(0, [x, y]), [x, y]) · (sy, sβ, 0) = (sy, f(0, [x, y]) + sβ, [x, y]) ∈ ∂E for all s ∈ R.
For s ∈ R \ {0}, we have
γx(s)
−1 · γy(s
−1) = (−sx+ s−1y, f(0, [x, y]) − sα+ s−1β, 0) ∈ V1 × R× {0} .
Therefore γx(s) and γy(s
−1) are h-aligned in G × R. By [11, Lemma 3.4] we get that the
horizontal line connecting these two points is contained in ∂E. This horizontal line is given
by t ∈ R 7→ γs(t) := γx(s) · δt(γx(s)
−1 · γy(s
−1)). Here, and in the rest of this proof, we
denote, with a slight abuse of notations, by δt : V1×R×{0} → V1×R×{0} the map given
by δt(x
′, u′, 0) := (tx′, tu′, 0) for (x′, u′) ∈ V1 × R and t ∈ R. In other words we have
γs(t) = γx(s) ·
Ä
t
Ä
−sx+ s−1y
ä
, t
Ä
f(0, [x, y]) − sα+ s−1β
ä
, 0
ä
=
Ä
sx+ t
Ä
−sx+ s−1y
ä
, sα+ t
Ä
f(0, [x, y]) − sα+ s−1β
ä
, t[x, y]
ä
∈ ∂E
for all t ∈ R and s ∈ R \ {0}.
For t ∈ R, we have
γ1(t)
−1 · γ−1(t) = (−2x− 2t(y − x),−2α − 2t(β − α), 0) ∈ V1 × R× {0} .
Therefore γ1(t) and γ−1(t) are h-aligned in G × R. Once again by [11, Lemma 3.4] we get
that the horizontal line through them is contained in ∂E. Namely,
γ1(t) · δλ
Ä
γ1(t)
−1 · γ−1(t)
ä
= γ1(t) · (−2λ(x+ t(y − x)),−2λ(α + t(β − α), 0)
= γ1(t) · δ2λ(x+ t(y − x), α+ t(β − α), 0)
−1 ∈ ∂E
for all λ ∈ R. For λ = 1/2,1 we get
γ1(t) · (x+ t(y − x), α + t(β − α), 0)
−1 = (0, tf(0, [x, y]), t[x, y]) ∈ ∂E .
1Note that since γ1(t) and γ−1(t) are h-aligned in G×R, the point we are considering here when λ = 1/2
is nothing but the midpoint between γ1(t) and γ−1(t) with respect to any homogeneous distance on G× R.
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By (3.1), it follows that f(0, t[x, y]) = tf(0, [x, y]). Since this holds for every t ∈ R, we get
that the map t ∈ R 7→ f(0, t[x, y]) is linear, which concludes the proof of the proposition. 
Proposition 3.1 has the following corollary that will be useful for our purposes in Section 4.
Corollary 3.3. Let f ∈ Ah(G). Then for all x, x
′ ∈ V1, z ∈ V2, the map y ∈ V1 7→
f(x, z + [x′, y]) is affine, i.e., belongs to A(V1).
Proof. Let x, x′ ∈ V1, z ∈ V2 be given. For every y, y
′ ∈ V1, t ∈ R, we have
f(x, z + [x′, y + ty′]) = f((x, z + [x′, y]) · (0, t[x′, y′])) .
Hence it follows from Proposition 3.1 that the map t ∈ R 7→ f(x, z + [x′, y + ty′]) is affine
for every y, y′ ∈ V1 and we get from Lemma 2.2 that the map y ∈ V1 7→ f(x, z + [x
′, y]) is
affine. 
A h-affine map needs not be V2-affine. For example, the map (θ, ω) ∈ Λ
1(R4)×Λ2(R4) 7→
ω ∧ ω is h-affine on F4, when identifying Λ
4(R4)-valued maps with real-valued maps, but
not Λ2(R4)-affine. In the next proposition, we consider maps that are both h-affine and
V2-affine and prove that such maps have a particular quadratic form.
Proposition 3.4. Let f ∈ Ah(G). Assume in addition that f is V2-affine. Then there are
a ∈ A(V1 × V2) and a bilinear map b : V1 × V2 → R such that
(3.2) b(x, [x, x′]) = 0 for all x, x′ ∈ V1
and f(x, z) = a(x, z) + b(x, z) for all (x, z) ∈ G.
Proof. Since f is V2-affine, we know that for every (x, z) ∈ G and z
′ ∈ V2, the map t ∈ R 7→
f((x, z) · (0, tz′)) = f(x, z + tz′) is affine. It follows from Lemma 2.2 that for every x ∈ V1,
the map z ∈ V2 7→ f(x, z) belongs to A(V2). Hence there are ϕ : V1 → R and ψ : V1 → V
∗
2
such that, for every x ∈ V1, z ∈ V2,
f(x, z) = ϕ(x) + 〈ψ(x), z〉 .
Here, and in the rest of this proof, given a real vector space V , a linear form F ∈ V ∗ and
v ∈ V , we write 〈F, v〉 := F (v).
Since f ∈ Ah(G), we have
f
(
(x, z) · (tx′, 0)
)
= f(x, z) + t
(
f
(
(x, z) · (x′, 0)
)
− f(x, z)
)
for all x, x′ ∈ V1, z ∈ V2, t ∈ R. It follows that, for every x, x
′ ∈ V1, z ∈ V2, t ∈ R,
ϕ(x+ tx′) +
〈
ψ(x+ tx′), z + t[x, x′]
〉
= ϕ(x) + 〈ψ(x), z〉 + t
(
ϕ(x+ x′) +
〈
ψ(x+ x′), z + [x, x′]
〉
− ϕ(x) − 〈ψ(x), z〉
)
,
i.e.,〈
ψ(x+ tx′)− ψ(x)− t(ψ(x+ x′)− ψ(x)), z
〉
+ ϕ(x+ tx′)− ϕ(x)− t
(
ϕ(x+ x′)− ϕ(x)
)
+ t
〈
ψ(x+ tx′)− ψ(x+ x′), [x, x′]
〉
= 0 .
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For any fixed x, x′ ∈ V1, t ∈ R, we now consider the left hand side in the previous equality as
an element in A(V2) that is identically 0. Hence its linear and constant parts, as a function
of z ∈ V2, must both vanish, i.e.,
(3.3) ψ(x+ tx′)− ψ(x)− t
(
ψ(x+ x′)− ψ(x)
)
= 0 ,
(3.4) ϕ(x+ tx′)− ϕ(x) − t
(
ϕ(x+ x′)− ϕ(x)
)
+ t
〈
ψ(x+ tx′)− ψ(x+ x′), [x, x′]
〉
= 0
for all x, x′ ∈ V1, t ∈ R.
It follows from (3.3) together with Lemma 2.2 that ψ ∈ A(V1, V
∗
2 ), i.e., there are a2 ∈ V
∗
2
and a linear map B : V1 → V
∗
2 such that, for all x ∈ V1, z ∈ V2,
〈ψ(x), z〉 = 〈a2, z〉+ 〈B(x), z〉 .
Then we get from (3.4) that
(3.5) ϕ(x+ tx′)− ϕ(x)− t
(
ϕ(x+ x′)− ϕ(x)
)
= t(t− 1)
〈
B(x′), [x′, x]
〉
for all x, x′ ∈ V1, t ∈ R. Taking x = 0, we get
ϕ(tx′)− ϕ(0) = t
(
ϕ(x′)− ϕ(0)
)
for all x′ ∈ V1, t ∈ R. It follows that, for all x, x
′ ∈ V1, t ∈ R \ {0},
ϕ(x+ tx′)− ϕ(x) = t
Å
ϕ
Å
x
t
+ x′
ã
− ϕ
Å
x
t
ãã
.
Going back to (3.5), we get, for all x, x′ ∈ V1, and all t ∈ R \ {0, 1},
(3.6)
〈
B(x′), [x′, x]
〉
= (t− 1)−1
Å
ϕ
Å
x
t
+ x′
ã
− ϕ
Å
x
t
ã
− ϕ(x+ x′)− ϕ(x)
ã
.
Note that ϕ(x) = f(x, 0) for all x ∈ V1, therefore ϕ is continuous since f is (see Remark 2.5).
It follows that for any fixed x, x′ ∈ V1, the right hand side in (3.6) goes to zero when t goes
to infinity. Hence 〈B(x′), [x′, x]〉 = 0 for all x, x′ ∈ V1. In other terms, the bilinear map
b : V1×V2 → R defined by b(x, z) := 〈B(x), z〉 for x ∈ V1, z ∈ V2 satisfies (3.2). Furthermore,
going back to (3.5) and using Lemma 2.2, we get that ϕ ∈ A(V1). Hence there are a0 ∈ R
and a1 ∈ V
∗
1 such that ϕ(x) = a0 + 〈a1, x〉. Setting a(x, z) := a0 + 〈a1, x〉 + 〈a2, z〉 for
x ∈ V1 and z ∈ V2, we finally get that a ∈ A(V1 × V2) and f(x, z) = a(x, z) + b(x, z), which
concludes the proof of the proposition. 
A first application of Propositions 3.1 and 3.4 is given in the following corollary about
h-affine maps on the first Heisenberg group.
Corollary 3.5. We have Ah(F2) = A(Λ
1(R2)×Λ2(R2)), that is, h-affine maps on the first
Heisenberg group F2 are affine as functions on the real vector space Λ
1(R2)× Λ2(R2).
Proof. We know from (2.2) that A(Λ1(R2)×Λ2(R2)) ⊂ Ah(F2). Conversely, let f ∈ Ah(F2).
The map (θ, θ′) ∈ Λ1(R2) × Λ1(R2) 7→ θ ∧ θ′ ∈ Λ2(R2) is surjective. Hence it follows from
Proposition 3.1 that f is Λ2(R2)-affine. Moreover, for every θ ∈ Λ1(R2) \ {0}, the map
θ′ ∈ Λ1(R2) 7→ θ ∧ θ′ ∈ Λ2(R2) is surjective. It follows that if b : Λ1(R2) × Λ2(R2) → R
is bilinear and such that b(θ, θ ∧ θ′) = 0 for all θ, θ′ ∈ Λ1(R2) then b = 0. Therefore
f ∈ A(Λ1(R2)× Λ2(R2)) by Proposition 3.4. 
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Note that the same argument applies to step-two Carnot groups where the map x′ ∈
V1 7→ [x, x
′] ∈ V2 is surjective for all x ∈ V1. Such groups are called of Me´tivier’s type,
see Proposition 6.1. Let us stress right now that, as a consequence of Theorem 5.11, we
will get, beyond groups of Me´tivier’s type, other examples of step-two Carnot groups where
h-affine maps are affine, see Example 6.2.
Given x, y ∈ V1, we denote by Lie(x, y) the Lie subgroup of G generated by x and y (we
identify here x, y ∈ V1 with elements in G in the obvious way), namely,
Lie(x, y) := span{x, y} × span {[x, y]} .
If [x, y] = 0, then Lie(x, y) is isomorphic either to the abelian group (R2,+) when x and y
are linearly independent or to the abelian group (R,+) otherwise. If [x, y] 6= 0, then the
structure of step-two Carnot group of G induces on Lie(x, y) a structure of step-two Carnot
group that makes it isomorphic to the first Heisenberg group F2. In such a case, we call
Lie(x, y) a Heisenberg subgroup. We set
Σ :=
⋃
x,y∈V1
Lie(x, y) .
Remark 3.6. In F3, we have Σ = {(θ, ω) ∈ F3 : θ ∧ ω = 0}. Indeed, one obviously has
Σ ⊂ {(θ, ω) ∈ F3 : θ∧ω = 0}. Conversely, assume that (θ, ω) ∈ F3 is such that θ∧ω = 0. If
ω = 0 then (θ, ω) = (θ, 0) ∈ Lie(θ, θ′) for any θ′ ∈ Λ1(R3) and we are done. If instead ω 6= 0,
by properties of two-forms in R3, we can write ω = η ∧ ξ for a pair of linearly independent
η, ξ ∈ Λ1(R3). Then it turns out that θ ∧ ω = 0 if and only if θ ∈ span{η, ξ}. Therefore
(θ, ω) ∈ Lie(η, ξ).
Note that (V1 × {0})∪ ({0} × [V1, V1]) ⊂ Σ. In the next proposition, we use Corollary 3.5
to upgrade Proposition 3.1 and prove that h-affine maps are affine along directions in Σ.
Proposition 3.7. If f ∈ Ah(G), then f is Σ-affine.
Proof. By Remark 2.3 it is enough to consider the case where f ∈ Ah(G) is such that
f(0, 0) = 0 and to prove that for every (x, z) ∈ Σ the map t ∈ R 7→ f(tx, tz) is linear.
Since f ∈ Ah(G), we know that this claim holds true if z = 0. Thus let (x, z) ∈ Σ be given
with z 6= 0. Then there is a Heisenberg subgroup H of G such that (x, z) ∈ H. We know
from Corollary 2.10 and Corollary 3.5 that Ah(H) = A(span{x
′, y′} × span{[x′, y′]}) where
x′, y′ ∈ V1 are such that H = Lie(x
′, y′). Since the restriction of f to H belongs to Ah(H)
and the line {(tx, tz) ∈ G : t ∈ R} is contained in span{x′, y′} × span{[x′, y′]}, it follows
that the map t ∈ R 7→ f(tx, tz) is linear, which concludes the proof of the proposition. 
As a consequence of Proposition 3.7, we get in the next corollary that, for any fixed
z ∈ V2, a h-affine map is affine, in the usual sense, in the variable x ∈ V1.
Corollary 3.8. Let f ∈ Ah(G). Given z ∈ V2 define fz : V1 → R by fz(x) := f(x, z). Then
fz ∈ A(V1).
Proof. Let z ∈ V2 be given. For every x, y ∈ V1, t ∈ R, we have, by definition of fz and by
the skew-symmetry of [·, ·],
fz(x+ ty) = f(x+ ty, z) = f ((x, z) · (ty, t[y, x])) .
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Since (y, [y, x]) ∈ Σ, it follows from Proposition 3.7 that the map t ∈ R 7→ fz(x + ty) is
affine and hence fz ∈ A(V1) by Lemma 2.2. 
4. Horizontally affine maps on free step-two Carnot groups
We consider in this section free step-two Carnot groups and prove the description of h-
affine maps given in Theorem 1.1. The proof itself will be given in Section 4.4. It is based
on several intermediate steps that are given in Sections 4.1 to 4.3.
4.1. Basic notations and a division property in exterior algebra. In this section we
introduce the notations to be used for the proof of Theorem 1.1. In Proposition 4.1, we also
prove a division property for linear maps from Λ1(Rn) to Λk(Rn) that will be useful for our
purposes and may have independent interest.
Notations. Given an integer n ≥ 2 we set J n0 := {∅},
J nk := {(j1, . . . , jk) ∈ N
k : 1 ≤ j1 < · · · < jk ≤ n}
for k ∈ {1, . . . , n}, and J n := ∪0≤k≤nJ
n
k .
For J = ∅ ∈ J n0 we set sptJ := ∅. For k ∈ {1, . . . , n} and J = (j1, . . . , jk) ∈ J
n
k we
set sptJ := {j1, . . . , jk} ⊂ N. Given J, J
′ ∈ J n we denote by Jc the (unique) element in
J n such that sptJc = {1, . . . , n} \ sptJ , by J \ J ′ the (unique) element in J n such that
sptJ \ J ′ = sptJ \ sptJ ′ and by J ∪ J ′ the (unique) element in J n such that sptJ ∪ J ′ =
sptJ ∪ sptJ ′.
We fix a basis (dx1, . . . , dxn) of Λ
1(Rn). For J = ∅ ∈ J n0 we set dxJ := 1 ∈ Λ
0(Rn). For
k ∈ {1, . . . , n} and J = (j1, . . . , jk) ∈ J
n
k we set dxJ := dxj1 ∧ · · · ∧ dxjk ∈ Λ
k(Rn). The
family {dxJ : J ∈ J
n
k } is a basis of Λ
k(Rn) for all 0 ≤ k ≤ n. For θ =
∑n
j=1 θj dxj ∈ Λ
1(Rn)
we set θJ := 1 when J = ∅ ∈ J
n
0 and θJ := θj1 · · · θjk for J = (j1, . . . , jk) ∈ J
n
k with
k ∈ {1, . . . , n}.
We set
I := {αβ : α, β ∈ N \ {0}, α < β} ,
and we equip I with the lexicographic order, i.e., we write αβ < α′β′ to mean either that
α = α′ and β < β′ or that α < α′. We also denote by Ik := I × · · · × I the k-th Cartesian
product of I.
Given an integer n ≥ 2 we set I
n
0 := {∅},
I
n
k :=
¶
(α1β1, . . . , αkβk) ∈ I
k : 12 ≤ α1β1 < · · · < αkβk ≤ (n− 1)n
©
for k ∈ {1, . . . , n(n−1)/2}, and I
n
:= ∪0≤k≤n(n−1)/2 I
n
k . Note that I
n
k = ∅ if k > n(n−1)/2.
Some of our conventions for elements in I
n
are similar to those for elements in J n.
Namely, for I = ∅ ∈ I
n
0 we set spt I := ∅. For k ∈ {1, . . . , n(n − 1)/2} and I =
(α1β1, . . . , αkβk) ∈ I
n
k we set spt I := {α1β1, . . . , αkβk} ⊂ I. Given I, I
′ ∈ I
n
, we de-
fine I \ I ′ ∈ I
n
in a similar way as we did for elements in J n, and we write I ′ ⊂ I to mean
that spt I ′ ⊂ spt I.
For ω =
∑
(αβ)∈I
n
1
ωαβ dxα ∧ dxβ ∈ Λ
2(Rn), we set ωI := 1 when I = ∅ ∈ I
n
0 and
ωI := ωα1β1 · · ·ωαkβk for I = (α1β1, . . . , αkβk) ∈ I
n
k with k ∈ {1, . . . , n(n− 1)/2}.
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For I = ∅ ∈ I
n
0 we set Spt I := ∅. For k ∈ {1, . . . , n(n−1)/2} and I = (α1β1, . . . , αkβk) ∈
I
n
k we set Spt I := {α1, β1, . . . , αk, βk} ⊂ N. Note that for I ∈ I
n
the two notions of
support, Spt I ⊂ N and spt I ⊂ I, are different.
We set In0 := {∅} and, for k ∈ {1, . . . , n(n− 1)/2},
Ink :=
¶
(α1β1, . . . , αkβk) ∈ I
n
k : Spt(αiβi) ∩ Spt(αjβj) = ∅ for all i 6= j
©
.
Note that I
n
1 = I
n
1 , while I
n
k  I
n
k for k ≥ 2, and I
n
k = ∅ for k > ⌊n/2⌋.
A division property. The following proposition characterizes linear maps η : Λ1(Rn) →
Λk(Rn) that can be written in the form of a wedge product η(θ) = θ ∧ η for some η ∈
Λk−1(Rn).
Proposition 4.1. Let n ≥ 2 and 1 ≤ k ≤ n be integers. Let η : Λ1(Rn) → Λk(Rn) be a
linear map. Then there is η ∈ Λk−1(Rn) such that η(θ) = θ ∧ η for every θ ∈ Λ1(Rn) if and
only if θ ∧ η(θ) = 0 for every θ ∈ Λ1(Rn).
It is straightforward that if a map η : Λ1(Rn) → Λk(Rn) can be written as η(θ) = θ ∧ η
for every θ ∈ Λ1(Rn) and some given η ∈ Λk−1(Rn) then θ ∧ η(θ) = 0 for every θ ∈ Λ1(Rn).
Conversely, by Cartan divisibility Lemma, see [6, Theorem 2.42], given k ∈ {1, . . . , n} and
θ ∈ Λ1(Rn) \{0}, a k-form η ∈ Λk(Rn) is 1-divisible by θ, i.e., it can be written as η = θ∧ η
for some η ∈ Λk−1(Rn), if and only if η∧θ = 0. It follows that if a map η : Λ1(Rn)→ Λk(Rn)
is such that θ ∧ η(θ) = 0 for every θ ∈ Λ1(Rn), then we can write η(θ) = θ ∧ η(θ) for some
map η : Λ1(Rn)→ Λk−1(Rn). The purpose of Proposition 4.1 is to show that, assuming in
addition that η : Λ1(Rn)→ Λk(Rn) is linear, we can choose the map η to be constant. Note
also that such a constant is unique.
Proof. When k = n every map η : Λ1(Rn) → Λn(Rn) satisfies the assumption θ ∧ η(θ) = 0
for every θ ∈ Λ1(Rn). If η : Λ1(Rn) → Λn(Rn) is in addition assumed to be linear and
ηj ∈ R is such that η(dxj) = ηj dx1 ∧ · · · ∧ dxn, then we have η(θ) = θ ∧ η for every
θ ∈ Λ1(Rn) where η :=
∑n
j=1 εj ηj dx(1,...,n)\(j) and εj ∈ {−1, 1} is such that dx1∧· · ·∧dxn =
εj dxj ∧ dx(1,...,n)\(j).
We thus assume from now on in this proof that k ∈ {1, . . . , n − 1}. We consider a linear
map η : Λ1(Rn) → Λk(Rn) such that θ ∧ η(θ) = 0 for every θ ∈ Λ1(Rn) and we shall prove
that there is η ∈ Λk−1(Rn) such that η(θ) = θ ∧ η for every θ ∈ Λ1(Rn).
For θ ∈ Λ1(Rn), we write η(θ) =
∑
J∈J n
k
ηJ(θ) dxJ where ηJ : Λ
1(Rn) → R is linear for
each J ∈ J nk .
We claim that
(4.1) ηJ(dxj) = 0 for all J ∈ J
n
k , j ∈ {1, . . . , n} \ sptJ .
Indeed, let J ∈ J nk and let j ∈ {1, . . . , n}\ spt J be given. We have dxj ∧ η(dxj) = 0, which
implies that dxJc\(j) ∧ dxj ∧ η(dxj) = 0, i.e., dxJc ∧ η(dxj) = 0. Since dxJc ∧ η(dxj) =
ηJ(dxj) dxJc ∧ dxJ , (4.1) follows.
Next, we note that
(4.2) η(θ) ∧ θ′ = − η(θ′) ∧ θ for all θ, θ′ ∈ Λ1(Rn) .
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Indeed, for all θ, θ′ ∈ Λ1(Rn), we have η(θ + θ′)∧ (θ + θ′) = 0, which implies by linearity of
η that η(θ) ∧ θ′ + η(θ′) ∧ θ = 0.
Let I ∈ J nk−1 be given. Note that
(4.3) η(θ) ∧ dx(I∪(i))c = ηI∪(i)(θ) dxI∪(i) ∧ dx(I∪(i))c
for all i ∈ {1, . . . , n} \ spt I and θ ∈ Λ1(Rn). For i ∈ {1, . . . , n} \ spt I, let δI,i ∈ {−1, 1} be
such that dxI∪(i) = δI,i dxi ∧ dxI and let us verify that
(4.4) δI,i ηI∪(i)(dxi) = δI,j ηI∪(j)(dxj) for all i, j ∈ {1, . . . , n} \ spt I .
To prove (4.4), let i, j ∈ {1, . . . , n} \ spt I be given with i 6= j. By (4.3) we have
ηI∪(i)(dxi) dxI∪(i) ∧ dx(I∪(i))c = η(dxi) ∧ dx(I∪(i))c
= εI,i,j η(dxi) ∧ dxj ∧ dx(I∪(i,j))c
where εI,i,j ∈ {−1, 1} is such that dx(I∪(i))c = εI,i,j dxj ∧ dx(I∪(i,j))c . By (4.2) we have
η(dxi) ∧ dxj = −η(dxj) ∧ dxi. Thus
ηI∪(i)(dxi) dxI∪(i) ∧ dx(I∪(i))c = −εI,i,j η(dxj) ∧ dxi ∧ dx(I∪(i,j))c
= −εI,i,j εI,j,i η(dxj) ∧ dx(I∪(j))c
= −εI,i,j εI,j,i ηI∪(j)(dxj) dxI∪(j) ∧ dx(I∪(j))c .
Using (δI,j)
2 = 1 we get
δI,i ηI∪(i)(dxi) dxI∪(i) ∧ dx(I∪(i))c
= δI,j ηI∪(j)(dxj)
Ä
−δI,j δI,i εI,i,j εI,j,i dxI∪(j) ∧ dx(I∪(j))c
ä
.
To write in a convenient form the term into parenthesis we use repeatedly the defini-
tion of δ·,· and ε·,·,· and the standard formula for wedge products of co-vectors, α ∧ β =
(−1)deg(α) deg(β)β ∧ α. This gives
−δI,j δI,i εI,i,j εI,j,i dxI∪(j)∧dx(I∪(j))c
= −δI,i εI,i,j δI,j dxI∪(j) ∧ εI,j,i dx(I∪(j))c
= −δI,i εI,i,j dxj ∧ dxI ∧ dxi ∧ dx(I∪(i,j))c
= −δI,i εI,i,j (−1)
kdxi ∧ dxj ∧ dxI ∧ dx(I∪(i,j))c
= −δI,i εI,i,j (−1)
k (−1)k−1 dxi ∧ dxI ∧ dxj ∧ dx(I∪(i,j))c
= δI,i dxi ∧ dxI εI,i,j dxj ∧ dx(I∪(i,j))c
= dxI∪(i) ∧ dx(I∪(i))c .
Therefore, we finally get
δI,i ηI∪(i)(dxi) dxI∪(i) ∧ dx(I∪(i))c = δI,j ηI∪(j)(dxj) dxI∪(i) ∧ dx(I∪(i))c
which concludes the proof of (4.4).
It follows from (4.4) that, given I ∈ J nk−1, the value of δI,i ηI∪(i)(dxi) does not depend of
the choice of i ∈ {1, . . . , n} \ spt I. We call this value ηI and we set η :=
∑
I∈J n
k−1
ηI dxI ∈
Λk−1(Rn). To conclude the proof of the proposition, we finally verify that η(dxj) = dxj ∧ η
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for all j ∈ {1, . . . , n}, which will imply by linearity of η that η(θ) = θ∧η for all θ ∈ Λ1(Rn).
We have
dxj ∧ η =
∑
I∈J n
k−1
j 6∈spt I
ηI dxj ∧ dxI =
∑
I∈J n
k−1
j 6∈spt I
δI,j ηI∪(j)(dxj) dxj ∧ dxI
=
∑
I∈J n
k−1
j 6∈spt I
ηI∪(j)(dxj) dxI∪(j) =
∑
J∈J n
k
j∈spt J
ηJ(dxj) dxJ =
∑
J∈J n
k
ηJ(dxj) dxJ ,
where the last equality follows from (4.1) and concludes the proof of the proposition. 
4.2. Starting step of the proof of Theorem 1.1. Our first step in the proof of Theo-
rem 1.1 is given in Proposition 4.2 below. Namely, we prove that, if f ∈ Ah(Fn), then, for
every (θ, ω) ∈ Fn, the map t ∈ (0,+∞) 7→ (f ◦ δt)(θ, ω) is a polynomial with degree ≤ n
whose coefficients fj(θ, ω) for j ∈ {0, . . . , n} are h-affine maps. More precisely, we also show
that, for each one of these h-affine maps, for any fixed θ ∈ Λ1(Rn), the dependence in the
variable ω ∈ Λ2(Rn) appears through a linear combination of terms of the form
ωI = ωα1β1 · · ·ωαkβk for I = (α1β1, . . . , αkβk) ∈ I
n
k ,
while, for any fixed ω ∈ Λ2(Rn), the dependence in the variable θ ∈ Λ1(Rn) is affine in
the usual sense. Recall that, by our conventions, for I = (α1β1, . . . , αkβk) ∈ I
n
k , we have
α1β1 < · · · < αkβk and {αi, βi} ∩ {αj , βj} = ∅ for all i 6= j. We will upgrade this result
in Section 4.3 proving that each map fj can be written as a wedge product. Note that if
n = 2, we already know from Corollary 3.5 that these results hold true, so we only need
consider the case n ≥ 3.
Proposition 4.2. Let n ≥ 3 be an integer and f ∈ Ah(Fn). For every (θ, ω) ∈ Fn, the
map t ∈ (0,+∞) 7→ (f ◦ δt)(θ, ω) is a polynomial with degree ≤ n. Furthermore, denoting
its coefficients by fj(θ, ω) for j ∈ {0, . . . , n}, namely,
fj(θ, ω) :=
1
j!
dj
dtj
(f ◦ δt)(θ, ω)
∣∣∣∣
t=0
,
we have
(i) f0, . . . , fn ∈ Ah(Fn)
(ii) f =
n∑
j=0
fj ,
(iii) for each k ∈ {0, . . . , ⌊n2 ⌋}, there are aI ∈ R, I ∈ I
n
k , such that, for every (θ, ω) ∈ Fn,
f2k(θ, ω) =
∑
I∈In
k
aI ωI ,
(iv) for each k ∈ {0, . . . , ⌊n−12 ⌋}, there are linear maps bI : Λ
1(Rn) → R, I ∈ Ink , such
that, for every (θ, ω) ∈ Fn,
f2k+1(θ, ω) =
∑
I∈In
k
bI(θ)ωI .
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To prove Proposition 4.2, we will need several auxiliary lemmas, namely, Lemmas 4.3, 4.4,
and 4.5 below. In the first one, we prove an elementary fact from linear algebra.
Lemma 4.3. Let p ≥ 1 be an integer and V be a p-dimensional real vector space. Let
f : V → R and assume that there is a basis (e1, . . . , ep) of V such that the map t ∈ R 7→
f(v + t ej) is affine for every v ∈ V and j ∈ {1, . . . , p}. Then there are cJ ∈ R, J ∈ J
p,
such that, for all v ∈ V ,
f(v) =
∑
J∈J p
cJ vJ .
Here, mimicking the notation introduced in Section 4.1, for v =
∑p
j=0 vj ej ∈ V , we write
vJ to mean vJ = 1 when J = ∅ ∈ J
p
0 and vJ = vj1 · · · vjk for J = (j1, . . . , jk) ∈ J
p
k with
k ∈ {1, . . . , p}.
Proof. We argue by induction on p ≥ 1. When p = 1 the assumption on f exactly requires
that f ∈ A(V ) and the conclusion of the lemma holds trivially. When p ≥ 2 we set
V ′ := span{e1, . . . , ep−1}. We know that, for every v
′ ∈ V ′, the map t ∈ R 7→ f(v′ + t ep) is
affine. It follows that, for every v′ ∈ V ′, vp ∈ R,
f(v′ + vpep) = f(v
′ + vpep)− f(v
′) + f(v′) = vp
(
f(v′ + ep)− f(v
′)
)
+ f(v′) .
We define f1 : V
′ → R by f1(v
′) := f(v′+ep)−f(v
′) for v′ ∈ V ′ and we apply the induction
hypothesis to f1 and to the restriction of f to V
′ to conclude the proof of the lemma. 
The next observation will be one of the crucial points in our forthcoming arguments.
Lemma 4.4. Let n ≥ 2 be an integer and let f ∈ Ah(Fn). Assume that there is Q :
Λ2(Rn)→ R such that f(θ, ω) = Q(ω) for every (θ, ω) ∈ Fn. Then the map θ
′ ∈ Λ1(Rn) 7→
Q(ω + θ ∧ θ′) is affine for every θ ∈ Λ1(Rn), ω ∈ Λ2(Rn).
Proof. Let θ ∈ Λ1(Rn), ω ∈ Λ2(Rn) be given. We know that, for every θ′, θ′′ ∈ Λ1(Rn),
the map t ∈ R 7→ f((θ, ω + θ ∧ θ′) · (tθ′′, 0)) is affine. Since f((θ, ω + θ ∧ θ′) · (tθ′′, 0)) =
Q(ω + θ ∧ (θ′ + tθ′′)), it follows from Lemma 2.2 that θ′ ∈ Λ1(Rn) 7→ Q(ω + θ ∧ θ′) is
affine. 
In Lemma 4.5 below, we prove when n ≥ 3 another property of h-affine maps on Fn
that do not depend on the θ ∈ Λ1(Rn) variable and that are moreover given by a linear
combination of ωI ’s with I ∈ I
n
k for some 2 ≤ k ≤ n(n− 1)/2. Namely, we show that such
a h-affine linear combination can not contain terms of the form ωI = ωα1β1 · · ·ωαkβk for
I = (α1β1, . . . , αkβk) ∈ I
n
k \ I
n
k , i.e., when {αi, βi} ∩ {αj , βj} 6= ∅ for some i, j ∈ {1, . . . , k}
with i 6= j.
Lemma 4.5. Let n ≥ 3 and 2 ≤ k ≤ n(n− 1)/2 be integers. Let f ∈ Ah(Fn) be given by
f(θ, ω) =
∑
I∈I
n
k
aI ωI
for some aI ’s, aI ∈ R. Then aI = 0 for every I ∈ I
n
k \ I
n
k .
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Proof. Recall first that I ∈ I
n
k \ I
n
k if and only if there are integers α, β, γ such that
1 ≤ α < β < γ ≤ n and either (αβ, αγ) ⊂ I, or (αγ, βγ) ⊂ I, or (αβ, βγ) ⊂ I, see
Section 4.1. Thus let 1 ≤ α < β < γ ≤ n be given integers. It follows from Lemma 4.4 that,
for every ω ∈ Λ2(Rn), the map t ∈ R 7→ f(0, ω + t dxα ∧ (dxβ + dxγ)) is affine. Noting that
this map is a polynomial, we get that the coefficient of t2 must vanish. This coefficient can
easily be computed and we get ∑
I∈I
n
k
(αβ,αγ)⊂I
aI ωI\(αβ,αγ) = 0
for every ω ∈ Λ2(Rn), and therefore aI = 0 for every I ∈ I
n
k such that (αβ, αγ) ⊂ I.
Considering the map t ∈ R 7→ f(0, ω + t (dxα + dxβ) ∧ dxγ), respectively t ∈ R 7→ f(0, ω +
t (dxα − dxγ) ∧ dxβ), and arguing in a similar way, we get that aI = 0 for every I ∈ I
n
k
such that (αγ, βγ) ⊂ I, respectively such that (αβ, βγ) ⊂ I, which concludes the proof of
the lemma. 
We now give the proof of Proposition 4.2.
Proof of Proposition 4.2. We first prove that there are maps cI : Λ
1(Rn)→ R, I ∈ I
n
, such
that, for every (θ, ω) ∈ Fn,
(4.5) f(θ, ω) =
∑
I∈I
n
cI(θ)ωI .
Indeed, let θ ∈ Λ1(Rn) be given. We know from Proposition 3.1 that, for every ω ∈
Λ2(Rn), 1 ≤ i < j ≤ n, the map t ∈ R 7→ f((θ, ω) · (0, tdxi ∧ dxj)) is affine. Since
f((θ, ω) · (0, tdxi ∧ dxj)) = f(θ, ω + tdxi ∧ dxj), it follows from Lemma 4.3 applied to the
map ω ∈ Λ2(Rn) 7→ f(θ, ω) that there are cI(θ) ∈ R, I ∈ I
n
, such that (4.5) holds.
Next, we prove that
(4.6) cI ∈ A(Λ
1(Rn)) for all I ∈ I
n
.
Indeed, recall that I
n
= ∪0≤k≤n(n−1)/2 I
n
k and let us argue by induction on k. For I =
∅ ∈ I
n
0 , we apply Corollary 3.8 with ω = 0 (recall that f(θ, 0) = c∅(θ)) to get that cI ∈
A(Λ1(Rn)). Next, let k ∈ {1, . . . , n(n−1)/2} and assume that we know that cI′ ∈ A(Λ
1(Rn))
for all I ′ ∈ ∪0≤i≤k−1I
n
i . Let I = (α1β1, . . . , αkβk) ∈ I
n
k be given. Corollary 3.8 applied
with ω =
∑k
j=1 dxαj ∧ dxβj gives that
cI +
∑
I′∈∪0≤i≤k−1I
n
i
I′⊂I
cI′ ∈ A(Λ
1(Rn))
and hence cI ∈ A(Λ
1(Rn)), which concludes the proof of (4.6).
It follows from (4.6) that there are aI ∈ R and linear maps bI : Λ
1(Rn) → R, I ∈ I
n
,
such that cI(θ) = aI + bI(θ) for every θ ∈ Λ
1(Rn). For k ∈ {0, . . . , n(n− 1)/2}, we set
f2k(θ, ω) :=
∑
I∈I
n
k
aI ωI and f2k+1(θ, ω) :=
∑
I∈I
n
k
bI(θ)ωI .
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For t > 0 and (θ, ω) ∈ Fn, let us now consider (f ◦ δt)(θ, ω). Recall that δt : Fn → Fn
denotes the dilation given by δt(θ, ω) := (tθ, t
2ω), so that,
(f ◦ δt)(θ, ω) =
n(n−1)
2∑
k=0
t2k f2k(θ, ω) +
n(n−1)
2∑
k=0
t2k+1 f2k+1(θ, ω) .
Therefore, for every (θ, ω) ∈ Fn, the map t ∈ (0,+∞) 7→ (f ◦ δt)(θ, ω) is a polynomial with
degree ≤ n(n − 1) + 1 whose coefficients are given by fj(θ, ω). It follows that, for every
j ∈ {0, . . . , n(n− 1) + 1} and (θ, ω) ∈ Fn, we have
fj(θ, ω) =
1
j!
dj
dtj
(f ◦ δt)(θ, ω)
∣∣∣∣
t=0
.
We know from Remark 2.6 that f ◦ δt ∈ Ah(Fn) for all t > 0. Setting δ0(θ, ω) := (0, 0), we
also obviously have f ◦ δ0 ∈ Ah(Fn). Therefore it follows from Lemma 4.6, to be proved
below, that fj ∈ Ah(Fn) for j ∈ {0, . . . , n(n− 1) + 1}.
Next, for k ∈ {2, . . . , n(n − 1)/2}, Lemma 4.5 applied to f2k gives that
(4.7) aI = 0 for all I ∈ I
n
k \ I
n
k .
We claim that, for k ∈ {2, . . . , n(n− 1)/2},
(4.8) bI(θ) = 0 for all θ ∈ Λ
1(Rn), I ∈ I
n
k \ I
n
k .
Indeed, let k ∈ {2, . . . , n(n−1)/2} and θ0 ∈ Λ
1(Rn) be given. It follows from Proposition 3.1
that the map (θ, ω) ∈ Fn 7→ f2k+1(θ0, ω) belongs to Ah(Fn). Then Lemma 4.5 implies that
bI(θ0) = 0 for every I ∈ I
n
k \ I
n
k . Since this holds for every θ0 ∈ Λ
1(Rn), we get (4.8).
To conclude the proof, it remains to show that fn+1, fn+2, . . . , fn(n−1)+1 = 0. If k ∈
{⌊n/2⌋+1, . . . , n(n−1)/2}, then Ink = ∅ (see Section 4.1) and it follows from (4.7) and (4.8)
that f2k = f2k+1 = 0. Now it remains to verify that if n is even then fn+1 = 0. This will
be proved in Lemma 4.7 below. 
We conclude this section with two lemmas that have been used in the proof of Proposi-
tion 4.2 and whose proof has been postponed. Lemma 4.6 holds actually true in arbitrary
step-two Carnot groups, as stated below.
Lemma 4.6. Let G be a step-two Carnot group, I ⊂ R be an interval. For each t ∈ I, let
ft ∈ Ah(G). Assume that, for all t ∈ I and (x, z) ∈ G,
lim
s→t
s∈I
fs(x, z)− ft(x, z)
s− t
=: f ′t(x, z)
exists. Then f ′t ∈ Ah(G) for every t ∈ I.
Proof. Let t ∈ I be given. For every s ∈ I, x, x′ ∈ V1, z ∈ V2, λ ∈ R, we have
fs((x, z) · (λx
′, 0)) − ft((x, z) · (λx
′, 0))
= fs(x, z)− ft(x, z) + λ
(
fs
(
(x, z) · (x′, 0)
)
− ft
(
(x, z) · (x′, 0)
)
− fs(x, z) + ft(x, z)
)
.
Dividing by s− t and letting s→ t, we get for every x, x′ ∈ V1, z ∈ V2, λ ∈ R,
f ′t((x, z) · (λx
′, 0)) = f ′t(x, z) + λ
(
f ′t((x, z) · (x
′, 0)) − f ′t(x, z)
)
,
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that is, f ′t ∈ Ah(G). 
Lemma 4.7. Let p ≥ 2 be an integer and let f ∈ Ah(F2p) be given by
f(θ, ω) =
∑
I∈I2pp
bI(θ)ωI
for some linear maps bI : Λ
1(R2p)→ R. Then f = 0.
Proof. Let I = (α1β1, . . . , αpβp) ∈ I
2p
p be given. Note that Spt I = {1, . . . , 2p}. Therefore,
to show that bI = 0, we only need to verify that bI(dxαj ) = bI(dxβj ) = 0 for every
j ∈ {1, . . . , p}. Thus let j ∈ {1, . . . , p} be given. We know that the map
t ∈ R 7→ f
ÄÄ
dxαj ,
∑
1≤i≤p
i 6=j
dxαi ∧ dxβi
ä
· (tdxβj , 0)
ä
is affine. We have
f
ÄÄ
dxαj ,
∑
1≤i≤p
i 6=j
dxαi ∧ dxβi
ä
· (tdxβj , 0)
ä
= f
Ä
dxαj + tdxβj , tdxαj ∧ dxβj +
∑
1≤i≤p
i 6=j
dxαi ∧ dxβi
ä
= tbI(dxαj + tdxβj ) = tbI(dxαj ) + t
2bI( dxβj )
by linearity of bI . Therefore the quadratic term must vanish, i.e., bI( dxβj ) = 0. To prove
that bI(dxαj ) = 0, we argue in a similar way considering the map
t ∈ R 7→ f
Ç(
− dxβj ,
∑
1≤i≤p
i 6=j
dxαi ∧ dxβi
)
· (tdxαj , 0)
å
.

4.3. Concluding steps of the proof of Theorem 1.1. To complete the proof of Theo-
rem 1.1, we shall now verify that for f ∈ Ah(Fn), the maps f0, . . . , fn ∈ Ah(Fn) given by
Proposition 4.2 have a wedge-product structure, namely they satisfy (1.4) for even indices
and (1.5) for odd indices.
Before we start considering the different cases, let us observe for further use the following
facts. Recall that the wedge product is commutative on Λ2(Rn). Therefore, given n ≥ 2
and 1 ≤ k ≤ ⌊n/2⌋, we have
(4.9)
( k∑
j=1
ξj ∧ ηj
)k
= k! ξ1 ∧ η1 ∧ · · · ∧ ξk ∧ ηk
for all ξj , ηj ∈ Λ
1(Rn). In particular,
(4.10) span
¶
ωk : ω ∈ Λ2(Rn)
©
= Λ2k(Rn) ,
(4.11) span
¶
ωk−1 ∧ θ : θ ∈ Λ1(Rn), ω ∈ Λ2(Rn)
©
= Λ2k−1(Rn) .
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We now begin with the case corresponding to the higher order term showing up in Propo-
sition 4.2 in even dimension.
Lemma 4.8. Let p ≥ 2 be an integer and let Q : Λ2(R2p)→ R be given by
Q(ω) =
∑
I∈I2pp
aI ωI ,
for some aI ’s, aI ∈ R. Assume that, for every θ ∈ Λ
1(R2p) and ω ∈ Λ2(R2p), the map
θ′ ∈ Λ1(R2p) 7→ Q(ω + θ ∧ θ′) is affine. Then there is η ∈ Λ0(R2p) such that, for every
ω ∈ Λ2(R2p),
Q(ω) dx1 ∧ · · · ∧ dx2p = ω
p ∧ η .
Proof. We argue by induction on p ≥ 2. When p = 2, we can write Q as
Q(ω) = a12,34 ω12 ω34 + a13,24 ω13 ω24 + a14,23 ω14 ω23
for some a12,34, a13,24, a14,23 ∈ R. Therefore Q(tθ ∧ θ
′) = t2Q(θ ∧ θ′) for all θ, θ′ ∈ Λ1(R4),
t ∈ R. On the other side, by assumption the map t ∈ R 7→ Q(tθ ∧ θ′) is affine for every
θ, θ′ ∈ Λ1(R4). Hence
(4.12) Q(θ ∧ θ′) = 0
for every θ, θ′ ∈ Λ1(R4). Now, apply (4.12) with θ = dx1+dx2 and θ
′ = dx1+dx2+dx3+dx4
to get a13,24+a14,23 = 0. Next, apply (4.12) with θ = dx1+dx3 and θ
′ = dx1+dx2+dx3+dx4
to get a12,34 − a14,23 = 0. It follows that a12,34 = a14,23 = −a13,24 and hence there is η ∈ R
such that Q(ω) = η (ω12ω34 − ω13ω24 + ω14ω23), i.e., identifying R with Λ
0(R4),
Q(ω) dx1 ∧ dx2 ∧ dx3 ∧ dx4 = ω
2 ∧ η for every ω ∈ Λ2(R4) .
Next, let p ≥ 3 be a given integer. Assume that we know by induction hypothesis that
if ‹Q : Λ2(R2p−2) → R is given by ‹Q(ω) = ∑I∈I2p−2
p−1
a˜I ωI for some a˜I ’s, a˜I ∈ R, and is
such that the map θ′ ∈ Λ1(R2p−2) 7→ ‹Q(ω + θ ∧ θ′) is affine for every θ ∈ Λ1(R2p−2),
ω ∈ Λ2(R2p−2), then there is η˜ ∈ Λ0(R2p−2) such that ‹Q(ω) dx1 ∧ · · · ∧ dx2p−2 = ωp−1 ∧ η˜
for every ω ∈ Λ2(R2p−2).
Now let Q : Λ2(R2p) → R be given by Q(ω) =
∑
I∈I2pp
aI ωI for some aI ’s, aI ∈ R,
and assume that the map θ′ ∈ Λ1(R2p) 7→ Q(ω + θ ∧ θ′) is affine for every θ ∈ Λ1(R2p),
ω ∈ Λ2(R2p).
Let (αβ) ∈ I2p1 be given. Our first goal is to get the decomposition (4.15) below. Set
Λ1αβ := span{dxi : i ∈ {1, . . . , 2p} \ {α, β}} ,
Λ2αβ := span{dxi ∧ dxj : i, j ∈ {1, . . . , 2p} \ {α, β}} ,
and denote by Παβ : Λ
2(R2p)→ Λ2αβ the projection given by
Παβ(ω) :=
∑
1≤i<j≤2p
{i,j}∩{α,β}=∅
ωij dxi ∧ dxj .
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Define also Qαβ : Λ
2
αβ → R by
Qαβ(ω) :=
∑
I∈I2pp
αβ∈spt I
aI ωI\(αβ) .
For every ω ∈ Λ2(R2p), we have
Q(ω) = Qαβ(Παβ(ω))ωαβ +
∑
I∈I2pp
αβ 6∈spt I
aI ωI .
Given I ∈ I2pp we have Spt I = {1, . . . , 2p}, hence {α, β} ⊂ Spt I. Recall that Spt I ⊂ N
and spt I ⊂ I are different sets, see Section 4.1. It follows that if αβ 6∈ spt I and ω ∈
Λ2αβ ⊕ span{dxα ∧ dxβ}, i.e., ω can be written as ω = Παβ(ω) + ωαβ dxα ∧ dxβ, then ωI = 0
and therefore Q(ω) = Qαβ(Παβ(ω))ωαβ .
Consequently, we have
(4.13) Q(dxα ∧ dxβ + ω + θ ∧ θ
′) = Qαβ(ω + θ ∧ θ
′) for all θ, θ′ ∈ Λ1αβ, ω ∈ Λ
2
αβ ,
and we get from the assumption on Q that the map θ′ ∈ Λ1αβ 7→ Qαβ(ω + θ ∧ θ
′) is affine
for every θ ∈ Λ1αβ, ω ∈ Λ
2
αβ . Therefore, by induction hypothesis, there is ηαβ ∈ R such that
(4.14) Qαβ(ω) dxJαβ = ηαβ ω
p−1 = ηαβΠαβ(ω)
p−1 for all ω ∈ Λ2αβ ,
where Jαβ := (1, . . . , 2p) \ (α, β) ∈ J
2p
2p−2.
For ω ∈ Λ2(R2p), we have
Q(ω) =
1
p
∑
(αβ)∈I2p1
∑
I∈I2pp
αβ∈spt I
aI ωI
=
1
p
∑
(αβ)∈I2p1
ωαβ
∑
I∈I2pp
αβ∈spt I
aI ωI\(αβ) =
1
p
∑
(αβ)∈I2p1
ωαβ Qαβ(Παβ(ω)) .
Then it follows from (4.14) that
(4.15) Q(ω) dx1 ∧ · · · ∧ dx2p =
1
p
∑
(αβ)∈I2p1
εαβ ηαβ Παβ(ω)
p−1 ∧ (ωαβdxα ∧ dxβ) ,
where εαβ ∈ {−1, 1} is such that dx1 ∧ · · · ∧ dx2p = εαβ dxJαβ ∧ dxα ∧ dxβ .
Let us now verify that
(4.16) εαβ ηαβ = εα′β′ ηα′β′ for all (αβ), (α
′β′) ∈ I2p1 such that Spt(αβ)∩Spt(α
′β′) = ∅ .
HORIZONTALLY AFFINE MAPS ON STEP-TWO CARNOT GROUPS 25
Indeed, let (αβ), (α′β′) ∈ I2p1 be such that Spt(αβ)∩Spt(α
′β′) = ∅. Let J = (j1, . . . , j2p−4) ∈
J 2p2p−4 be such that sptJ = {1, . . . , 2p}\{α, β, α
′ , β′}. It follows from (4.13) and (4.14) that
Q
(
dxα ∧ dxβ+dxα′ ∧ dxβ′ +
p−3∑
i=0
dxj2i+1 ∧ dxj2i+2
)
dxJαβ ∧ dxα ∧ dxβ
= ηαβ
(
dxα′ ∧ dxβ′ +
p−3∑
i=0
dxj2i+1 ∧ dxj2i+2
)p−1
∧ dxα ∧ dxβ
= (p− 1)! ηαβ dxα′ ∧ dxβ′ ∧ dxJ ∧ dxα ∧ dxβ ,
where the last equality follows from (4.9). Similarly,
Q
(
dxα ∧ dxβ+dxα′ ∧ dxβ′ +
p−3∑
i=0
dxj2i+1 ∧ dxj2i+2
)
dxJα′β′ ∧ dxα′ ∧ dxβ′
= (p − 1)! ηα′β′ dxα ∧ dxβ ∧ dxJ ∧ dxα′ ∧ dxβ′ .
Therefore, we get
Q
(
dxα ∧ dxβ+dxα′ ∧ dxβ′ +
p−3∑
i=0
dxj2i+1 ∧ dxj2i+2
)
dx1 ∧ · · · ∧ dx2p
= (p− 1)! εαβ ηαβ dxα′ ∧ dxβ′ ∧ dxJ ∧ dxα ∧ dxβ
= (p− 1)! εα′β′ ηα′β′ dxα ∧ dxβ ∧ dxJ ∧ dxα′ ∧ dxβ′ ,
from which (4.16) follows.
As a next step, let us verify that (4.16) implies that
(4.17) εαβ ηαβ = εα′β′ ηα′β′ for all (αβ), (α
′β′) ∈ I2p1 .
Let (αβ), (α′β′) ∈ I2p1 be given. Since p ≥ 3 one can find (α1β1) ∈ I
2p
1 such that Spt(α1β1)∩
Spt(αβ) = ∅ and Spt(α1β1) ∩ Spt(α
′β′) = ∅. Then we get from (4.16) that εαβ ηαβ =
εα1β1 ηα1β1 = εα′β′ ηα′β′ , which proves (4.17).
Finally, it follows from (4.17) that the value of p−1εαβ ηαβ does not depend on the choice
of (αβ) ∈ I2p1 . We call this number η and identify it with an element in Λ
0(R2p). Then we
get from (4.15) that
Q(ω) dx1 ∧ · · · ∧ dx2p = η
∑
(αβ)∈I2p1
Παβ(ω)
p−1 ∧ (ωαβdxα ∧ dxβ) = ω
p ∧ η
for every ω ∈ Λ2(R2p), which concludes the proof of the lemma. 
In the next lemma, we consider the cases that correspond to terms with even indices in
Proposition 4.2.
Lemma 4.9. Let n ≥ 3 and 1 ≤ k ≤ (n − 1)/2 be integers. Let Q : Λ2(Rn) → R be given
by
Q(ω) =
∑
I∈In
k
aI ωI ,
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for some aI ’s, aI ∈ R. Assume that, for every θ ∈ Λ
1(Rn) and ω ∈ Λ2(Rn), the map
θ′ ∈ Λ1(Rn) 7→ Q(ω + θ ∧ θ′) is affine. Then there is η ∈ Λn−2k(Rn) such that, for every
ω ∈ Λ2(Rn),
Q(ω) dx1 ∧ · · · ∧ dxn = ω
k ∧ η .
Proof. Let J ∈ J n2k be given. Set I
J
k := {I ∈ I
n
k : Spt I = sptJ} and define QJ : Λ
2(Rn)→
R by QJ(ω) :=
∑
I∈IJ
k
aI ωI so that
Q =
∑
J∈J n
2k
QJ .
Set Λ1(J) := span{dxj : j ∈ sptJ} and Λ
2(J) := span{dxi ∧ dxj : i, j ∈ sptJ}. We have
QJ(ω + θ ∧ θ
′) = Q(ω + θ ∧ θ′) for every θ, θ′ ∈ Λ1(J), and ω ∈ Λ2(J). Therefore, the map
θ′ ∈ Λ1(J) 7→ QJ(ω + θ ∧ θ
′) is affine for every θ ∈ Λ1(J) and every ω ∈ Λ2(J). Then
it follows from Lemma 4.8 that there is ηJ ∈ R such that QJ(ω) dxJ = ηJ ω
k for every
ω ∈ Λ2(J).
Now let ω ∈ Λ2(Rn). For every J ∈ J n2k we have QJ(ω) = QJ(ΠJ(ω)) where ΠJ :
Λ2(Rn)→ Λ2(J) denotes the projection map given by
ΠJ(ω) :=
∑
1≤i<j≤n
i,j∈spt J
ωij dxi ∧ dxj .
Therefore
Q(ω) dx1 ∧ · · · ∧ dxn =
∑
J∈J n
2k
QJ(ΠJ(ω)) dx1 ∧ · · · ∧ dxn
=
∑
J∈J n
2k
εJ ηJ ΠJ(ω)
k ∧ dxJc ,
(4.18)
where εJ ∈ {−1, 1} is such that dx1 ∧ · · · ∧ dxn = εJ dxJ ∧ dxJc . To conclude the proof,
observe that (ω − ΠJ(ω)) ∧ dxJc = 0, therefore ΠJ(ω)
k ∧ dxJc = ω
k ∧ dxJc , and (4.18)
becomes
Q(ω) dx1 ∧ · · · ∧ dxn =
∑
J∈J n
2k
εJ ηJ ω
k ∧ dxJc = ω
k ∧ η ,
where η :=
∑
J∈J n
2k
εJ ηJ dxJc ∈ Λ
n−2k(Rn), which concludes the proof of the lemma. 
It now remains to consider the cases that corresponds to terms with odd indices in
Proposition 4.2, and depend on both θ ∈ Λ1(Rn) and ω ∈ Λ2(Rn).
Lemma 4.10. Let n ≥ 3 and 1 ≤ k ≤ (n − 1)/2 be integers. Let f ∈ Ah(Fn) be given by
f(θ, ω) =
∑
I∈In
k
bI(θ)ωI ,
for some linear maps bI : Λ
1(Rn)→ R. Then there is η ∈ Λn−2k−1(Rn) such that, for every
(θ, ω) ∈ Fn,
f(θ, ω) dx1 ∧ · · · ∧ dxn = θ ∧ ω
k ∧ η .
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Proof. Let θ ∈ Λ1(Rn) be given. We know from Corollary 3.3 that the map θ′′ ∈ Λ1(Rn) 7→
f(θ, ω + θ′ ∧ θ′′) is affine for every θ′ ∈ Λ1(Rn) and ω ∈ Λ2(Rn). Then it follows from
Lemma 4.9 that there is η(θ) ∈ Λn−2k(Rn) such that, for every ω ∈ Λ2(Rn),
f(θ, ω) dx1 ∧ · · · ∧ dxn = ω
k ∧ η(θ) .
Since by assumption the map θ ∈ Λ1(Rn) 7→ f(θ, ω) = ωk ∧ η(θ) is linear for every ω ∈
Λ2(Rn) and since span{ωk : ω ∈ Λ2(Rn)} = Λ2k(Rn) (see (4.10)), we get that η : Λ1(Rn)→
Λn−2k(Rn) is linear.
We claim that
(4.19) θ ∧ η(θ) = 0 for all θ ∈ Λ1(Rn) .
Indeed, we know that the map t ∈ R 7→ f((θ′, ω) · (tθ, 0)) = f(θ′ + tθ, ω + tθ′ ∧ θ) is affine
for every θ, θ′ ∈ Λ1(Rn), ω ∈ Λ2(Rn). We have
f(θ′ + tθ, ω + tθ′ ∧ θ) dx1 ∧ · · · ∧ dxn = (ω + tθ
′ ∧ θ)k ∧ η(θ′ + tθ)
= (ωk + kt ωk−1 ∧ θ′ ∧ θ) ∧ (η(θ′) + t η(θ))
= ωk ∧ η(θ′) + t(ωk ∧ η(θ) + k ωk−1 ∧ θ′ ∧ θ ∧ η(θ′))
+ t2 k ωk−1 ∧ θ′ ∧ θ ∧ η(θ) .
It follows that ωk−1 ∧ θ′ ∧ θ ∧ η(θ) = 0 for every θ, θ′ ∈ Λ1(Rn), ω ∈ Λ2(Rn). Recalling
that span{ωk−1 ∧ θ′ : θ′ ∈ Λ1(Rn), ω ∈ Λ2(Rn)} = Λ2k−1(Rn) (see (4.11)), we get (4.19).
Ultimately, to conclude the proof of the lemma, we apply Proposition 4.1. 
4.4. Proof of Theorem 1.1. We are now ready to complete the proof of Theorem 1.1.
When n = 2, Theorem 1.1 is nothing but a restatement of Corollary 3.5.
Thus, let n ≥ 3 be an integer and let f ∈ Ah(Fn). We know from Proposition 4.2 that,
for every (θ, ω) ∈ Fn, the map t ∈ (0,+∞) 7→ (f ◦ δt)(θ, ω) is a polynomial of degree
≤ n. Following the notations introduced in Proposition 4.2 and denoting by fj(θ, ω) its
coefficients, we also know that
f0, . . . , fn ∈ Ah(Fn) and f =
n∑
j=0
fj .
Let us verify that there is (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) such that (1.4) and (1.5), and there-
fore (1.3), hold. The fact that one can find ηn ∈ Λ
n(Rn) and ηn−1 ∈ Λ
n−1(Rn) such that
f0, respectively f1, satisfies (1.4), respectively (1.5), for k = 0, is a staightforward restate-
ment of (iii), respectively (iv), in Proposition 4.2 for k = 0. For k ∈ {1, . . . , ⌊n/2⌋}, we
apply to f2k ∈ Ah(Fn) Lemma 4.4 together with Lemmas 4.8 and 4.9 to get the existence
of ηn−2k ∈ Λ
n−2k(Rn) such that (1.4) holds. For k ∈ {1, . . . , ⌊(n − 1)/2⌋}, we apply to
f2k+1 ∈ Ah(Fn) Lemma 4.10 to get the existence of ηn−2k−1 ∈ Λ
n−2k−1(Rn) such that (1.5)
holds.
Conversely, it is easy to see that if f : Fn → R is a map given by (1.3) for some
(η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) then f ∈ Ah(Fn).
To conclude the proof, let us verify the uniqueness of (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) such
that (1.3) holds whenever f ∈ Ah(Fn). This follows from the following simple observation.
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If f ∈ Ah(Fn) and (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) are such that (1.3) holds, then we obviously
have
(f ◦ δt)(θ, ω) dx1 ∧ · · · ∧ dxn =
⌊n
2
⌋∑
k=0
t2k ωk ∧ ηn−2k +
⌊n−1
2
⌋∑
k=0
t2k+1 θ ∧ ωk ∧ ηn−2k−1 .
For any given (θ, ω) ∈ Fn, we identify the coefficients in this polynomial, as a function of t,
and we get that (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) must satisfy (1.4) and (1.5). Then uniqueness
follows since this holds true for every (θ, ω) ∈ Fn.
5. Horizontally affine maps on arbitrary step-two Carnot groups
In this section we consider arbitrary step-two Carnot groups. We shall use the known
fact that any step-two Carnot group is a quotient of a free step-two Carnot group, see
Theorem 2.11. Considering our description of h-affine maps in the free step-two case, we
give necessary and sufficient conditions for a term that shows up in the decomposition given
by Theorem 1.1 to factor through a quotient map, see Lemma 5.6. We then deduce from
this analysis Theorem 1.2 as well as several characterizations of step-two Carnot groups
where h-affine maps are affine, see Theorems 5.11 and 5.12.
Throughout this section, we shall identify Λn(Rn)-valued maps with real-valued maps
when needed from the context.
5.1. Proof of Theorem 1.2. Let us start with some conventions and notations.
Definition 5.1. Given integers n ≥ 2 and k ∈ {0, . . . , n}, and given η ∈ Λn−k(Rn), we
define ψ˜η : Fn → Λ
n(Rn) as
ψ˜η(θ, ω) :=
{
ω
k
2 ∧ η if k is even ,
θ ∧ ω
k−1
2 ∧ η if k is odd .
Remark 5.2. By (4.10) and (4.11), given integers n ≥ 2 and k ∈ {0, . . . , n}, the map η ∈
Λn−k(Rn) 7→ ψ˜η is an injective linear map. It follows in particular that if η, η
′ ∈ Λn−k(Rn)
are such that ψ˜η = ψ˜η′ , then η = η
′.
Remark 5.3. Given integers n ≥ 2 and k ∈ {0, . . . , n}, we have ψ˜η ◦ δt = t
k ψ˜η for every
η ∈ Λn−k(Rn) and t > 0.
We recall that given integers n ≥ 2, and k, j ∈ {0, . . . , n}, and given η ∈ Λk(Rn), the space
of exterior annihilators of η of order j is defined as Anh∧(η, j) := {λ ∈ Λ
j(Rn) : λ∧ η = 0},
see for instance [6]. We set Anh1,2∧ η := Anh∧(η, 1) ×Anh∧(η, 2), namely,
Anh1,2∧ η := {(θ, ω) ∈ Fn : θ ∧ η = 0 and ω ∧ η = 0} .
Note that in this definition, we mean that θ ∧ η is zero as a (k + 1)-form, and ω ∧ η is zero
as a (k + 2)-form.
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Remark 5.4. When k = n, or η = 0, then Anh1,2∧ η = Fn. When k = n− 1, then Anh
1,2
∧ η =
Anh∧(η, 1) × Λ
2(Rn). In the other cases where k ≤ n − 2 and η 6= 0, note that I1 :=
Anh∧(η, 1) and I2 := Anh∧(η, 2) are linear subspaces of Λ
1(Rn) and Λ2(Rn) such that
θ∧ θ′ ∈ I2 for every θ ∈ I1, θ
′ ∈ Λ1(Rn). This implies that Anh1,2∧ η is a normal subgroup of
Fn. Furthermore, there is a structure of step-two Carnot group on the quotient Fn/Anh
1,2
∧ η
that makes it isomorphic to Λ1(Rn)/I1 × Λ
2(Rn)/I2 and makes the quotient map from Fn
onto Fn/Anh
1,2
∧ η a surjective Carnot morphism whose kernel is Anh
1,2
∧ η.
Given a step-two Carnot group G, a Carnot morphism pi : Fn → G, and k ∈ {0, . . . , n},
we denote by Λk(pi) the linear subspace of Λk(Rn) defined by
Λk(pi) :=
¶
η ∈ Λk(Rn) : Kerpi ⊂ Anh1,2∧ η
©
.
Remark 5.5. Note that if Λk(pi) = {0} for some k ∈ {0, . . . , n} then Λj(pi) = {0} for all
j ∈ {0, . . . , k}. Indeed, given integers j, k ∈ {0, . . . , n} with j ≤ k, and given η ∈ Λj(pi), we
have η ∧ η′ ∈ Λk(pi) for all η′ ∈ Λk−j(Rn). Therefore Λk(pi) = {0} implies that η ∧ η′ = 0
for all η′ ∈ Λk−j(Rn), and hence η = 0.
In the next lemma we characterize those η ∈ Λn−k(Rn) for which the map ψ˜η factors
through some given quotient map.
Lemma 5.6. Let G be a step-two Carnot group. Let n ≥ rankG and k ∈ {0, . . . , n} be
integers and let pi : Fn → G be a surjective Carnot morphism. Given η ∈ Λ
n−k(Rn), the
following are equivalent:
(5.1) there is ψη : G→ Λ
n(Rn) such that ψη ◦ pi = ψ˜η ,
(5.2) ψ˜η(θ, ω) = ψ˜η(θ
′, ω′) for all (θ, ω) ∈ Fn and (θ
′, ω′) ∈ (θ, ω) ·Kerpi ,
(5.3) η ∈ Λn−k(pi) .
Furthermore, when one of the above equivalent conditions holds, the map ψη : G→ Λ
n(Rn)
given by (5.1) is unique.
Proof. Note that when k = 0 then Λn(pi) = Λn(Rn) (see Remark 5.4) and for every η ∈
Λn(Rn), the map ψ˜η is constant. Then the constant map ψη : G → Λ
n(Rn) defined by
ψη(x, z) := η for (x, z) ∈ G shows that (5.1), (5.2) and (5.3) are equivalent. We thus
assume in the rest of this proof that k ≥ 1.
The fact that (5.1) and (5.2) are equivalent follows from the fact that Carnot morphisms
are group homomorphisms, see Remark 2.8. To prove that (5.2) and (5.3) are equivalent,
we first note that (5.2) is equivalent to
(5.4) ψ˜η(θ0, ω0) = ψ˜η((θ0, ω0) · δt(θ, ω)) for all (θ0, ω0) ∈ Fn, (θ, ω) ∈ Kerpi, t > 0 .
This indeed follows from the fact that Carnot morphisms commute with dilations.
When k ≥ 2 is even, k = 2m for some m ≥ 1, then (5.4) is equivalent to
(5.5) ωm0 ∧ η = (ω0 + t
2 ω + t θ0 ∧ θ)
m ∧ η for all (θ0, ω0) ∈ Fn, (θ, ω) ∈ Kerpi, t > 0 .
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We have
(ω0 + t
2 ω + t θ0 ∧ θ)
m = (ω0 + t
2 ω)m + tm (ω0 + t
2 ω)m−1 ∧ θ0 ∧ θ
=
m∑
j=0
t2j
Ç
m
j
å
ωm−j0 ∧ ω
j
+
m−1∑
j=0
t2j+1m
Ç
m− 1
j
å
ωm−1−j0 ∧ ω
j ∧ θ0 ∧ θ.
It follows that (5.5) is equivalent to the following condition: for all (θ0, ω0) ∈ Fn and
(θ, ω) ∈ Kerpi,
ωm−j0 ∧ ω
j ∧ η = 0 for all j ∈ {1, . . . ,m}, and
θ0 ∧ ω
m−1−j
0 ∧ θ ∧ ω
j ∧ η = 0 for all j ∈ {0, . . . ,m− 1} .
Recalling that span{ωm−j0 : ω0 ∈ Λ
2(Rn)} = Λ2m−2j(Rn) and span{θ0 ∧ω
m−1−j
0 : (θ0, ω0) ∈
Fn} = Λ
2m−2j−1(Rn), see (4.10) and (4.11), we get the following equivalent condition: for
all (θ, ω) ∈ Kerpi,
ωj ∧ η = 0 for all j ∈ {1, . . . ,m}, and θ ∧ ωj ∧ η = 0 for all j ∈ {0, . . . ,m− 1} .
This last condition is in turn equivalent to ω ∧ η = 0 and θ ∧ η = 0 for all (θ, ω) ∈ Kerpi,
i.e., it is equivalent to (5.3).
When k is odd, k = 2m+ 1 for some m ≥ 0, then (5.4) is equivalent to
(5.6)
θ0 ∧ ω
m
0 ∧ η = (θ0 + t θ) ∧ (ω0 + t
2 ω+t θ0 ∧ θ)
m ∧ η
for all (θ0, ω0) ∈ Fn, (θ, ω) ∈ Kerpi, t > 0 .
Whenm = 0 then (5.6) is equivalent to θ∧η = 0 for every (θ, ω) ∈ Kerpi. In this case we have
η ∈ Λn−1(Rn) and hence we know from Remark 5.4 that Anh1,2∧ η = Anh∧(η, 1) × Λ
2(Rn).
Therefore (5.6) is equivalent to (5.3). When m ≥ 1, we have
(θ0 + t θ)∧(ω0 + t
2 ω + t θ0 ∧ θ)
m = (θ0 + t θ) ∧ (ω0 + t
2 ω)m
=
m∑
j=0
t2j
Ç
m
j
å
θ0 ∧ ω
m−j
0 ∧ ω
j +
m∑
j=0
t2j+1
Ç
m
j
å
θ ∧ ωm−j0 ∧ ω
j .
It follows that (5.6) is equivalent to the following condition: for all (θ0, ω0) ∈ Fn and
(θ, ω) ∈ Kerpi,
θ0 ∧ ω
m−j
0 ∧ ω
j ∧ η = 0 for all j ∈ {1, . . . ,m}, and
ωm−j0 ∧ θ ∧ ω
j ∧ η = 0 for all j ∈ {0, . . . ,m} .
Recalling that span{θ0 ∧ ω
m−j
0 : (θ0, ω0) ∈ Fn} = Λ
2m+1−2j(Rn) and span{ωm−j0 : ω0 ∈
Λ2(Rn)} = Λ2m−2j(Rn), see (4.10) and (4.11), we then argue as in the case where k is even
to get that this condition is equivalent (5.3).
To conclude the proof of the lemma, we note that uniqueness of a map ψη : G→ Λ
n(Rn)
such that ψη ◦pi = ψ˜η, when such a map exists, follows from the fact that pi is surjective. 
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Remark 5.7. Uniqueness in Lemma 5.6 implies that the map η ∈ Λn−k(pi) 7→ ψη is linear.
It also follows from (5.1) and Remark 5.2 that this map is injective. In particular, if
η, η′ ∈ Λn−k(pi) are such that ψη = ψη′ , then η = η
′.
Remark 5.8. We have ψη ◦ δt = t
k ψη for every η ∈ Λ
n−k(pi) and t > 0. This indeed follows
from (5.1) and Remark 5.3 together with the facts that pi is surjective and commutes with
dilations.
Remark 5.9. Note that there are simple examples of maps ψ˜η that do not factor through
some given quotient map. For instance, in F3, consider η := dx1 and the corresponding
map ψ˜η(θ, ω) := ω ∧ dx1 = ω23 dx1 ∧ dx2 ∧ dx3 (we follow here the notations introduced in
Section 4.1). We have Anh1,2∧ η = span{dx1} × span{dx1 ∧ dx2, dx1 ∧ dx3}. Now consider
I := {0}×span{dx2∧dx3} and the quotient map pi : F3 → F3/I. We have Kerpi∩Anh
1,2
∧ η =
I ∩Anh1,2∧ η = {0} and so the inclusion Kerpi ⊂ Anh
1,2
∧ η fails. Therefore η 6∈ Λ
1(pi) and the
map ψ˜η does not factor through the quotient map pi : F3 → F3/I.
We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. Let G be a step-two Carnot group with rank r. We know from
Theorem 2.11 that there is a surjective Carnot morphism pir : Fr → G. Now let f ∈ Ah(G).
We know from Lemma 2.9 that f ◦pir ∈ Ah(Fr). Thus it follows from Theorem 1.1 that, for
every (θ, ω) ∈ Fr, the map t ∈ (0,+∞) 7→ (f ◦pir ◦δt)(θ, ω) is a polynomial with degree ≤ r.
Since pir is surjective and commutes with dilations, we get that, for every (x, z) ∈ G, the
map t ∈ (0,+∞) 7→ (f ◦ δt)(x, z) is a polynomial with degree ≤ r, which concludes the
proof of the first part in Theorem 1.2.
To prove the second part of the theorem, let n ≥ r be a given integer and pi : Fn → G
be a given surjective Carnot morphism. Let f ∈ Ah(G). We know from Lemma 2.9 that
f ◦pi ∈ Ah(Fn). Recall that we identify in this section Λ
n(Rn)-valued maps with real-valued
maps, so that Theorem 1.1 gives the existence of (η0, . . . , ηn) ∈ ⊕
n
k=0Λ
k(Rn) (precisely,
ηk ∈ Λ
k(Rn) for all k ∈ {0, . . . , n}) such that
(5.7) f ◦ pi =
n∑
k=0
ψ˜ηk ,
with moreover, for all k ∈ {0, . . . , n} and (θ, ω) ∈ Fn,
(5.8) ψ˜ηk(θ, ω) =
1
(n − k)!
dn−k
dtn−k
(f ◦ pi ◦ δt)(θ, ω)
∣∣∣∣
t=0
.
It follows from (5.8) together with the fact that pi commutes with dilations that ψ˜ηk(θ, ω) =
ψ˜ηk(θ
′, ω′) for all (θ, ω) ∈ Fn and (θ
′, ω′) ∈ (θ, ω) · Kerpi. By Lemma 5.6 we get that
ηk ∈ Λ
k(pi) and there is a map ψηk : G → Λ
n(Rn) such that ψηk ◦ pi = ψ˜ηk . Since
(
∑n
k=0 ψηk) ◦ pi =
∑n
k=0 ψ˜ηk , it follows from (5.7) together with the fact that pi is surjective
that f =
∑n
k=0 ψηk .
For t > 0, we get from Remark 5.8 that f ◦ δt =
∑n
k=0 t
n−k ψηk . Since we already
know that for each (x, z) ∈ G, the map t ∈ (0,+∞) 7→ (f ◦ δt)(x, z) is a polynomial with
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degree ≤ r, we get that ψηk = 0 whenever k < n− r. By Remark 5.7 it follows that ηk = 0
whenever k < n− r. Therefore (ηn−r, . . . , ηn) ∈ ⊕
n
k=n−rΛ
k(pi) and
(5.9) f =
n∑
k=n−r
ψηk .
Conversely, using Lemma 2.9, it is easy to verify that if f : G → R satisfies (5.9) for some
(ηn−r, . . . , ηn) ∈ ⊕
n
k=n−rΛ
k(pi), then f ∈ Ah(G).
To conclude the proof of Theorem 1.2, we observe that if f ∈ Ah(G) and (ηn−r, . . . , ηn) ∈
⊕nk=n−rΛ
k(pi) is such that (5.9) holds true, then, by Remark 5.8, for every (x, z) ∈ G, the
coefficients of the polynomial t ∈ (0,+∞) 7→ (f ◦ δt)(x, z) are given by ψηk(x, z). In other
words, with the notations introduced in the statement of Theorem 1.2, we have ψηk = fn−k
for k ∈ {n − r, . . . , n}. Then uniqueness of such an (ηn−r, . . . , ηn) ∈ ⊕
n
k=n−rΛ
k(pi) follows
from Remark 5.7.
Note that it follows from the previous arguments that Λk(pi) = {0} for all k ∈ {0, . . . , n−
r − 1} whenever n > r. 
5.2. Step-two Carnot groups where horizontally affine maps are affine. This sec-
tion is devoted to the proof of various characterizations, see Theorems 5.11 and 5.12, of
step-two Carnot groups where h-affine maps are affine. Before we state these characteriza-
tions, we begin with an observation about affine maps.
Proposition 5.10. Let (G, ·) = (V1×V2, [·, ·]) be a step-two Carnot group with rank r. Let
n ≥ r be an integer and pi : Fn → G be a surjective Carnot morphism. Then the real vector
spaces A(V1 × V2) and ⊕
n
k=n−2Λ
k(pi) are isomorphic.
Proof. In this proof we follow the notations introduced in Definition 2.7 and denote by
pi1 : Λ
1(Rn) → V1 and pi2 : Λ
2(Rn) → V2 the surjective linear maps such that pi = (pi1, pi2).
Given a real vector space V we denote by V ∗ the space of linear forms on V .
We claim that the real vector spaces V ∗1 and Λ
n−1(pi) are isomorphic. Since pi1 is a
surjective linear map, we have f ∈ V ∗1 if and only if f ◦ pi1 ∈ Λ
1(Rn)∗. Given a map
f : V1 → R, we denote by f : G = V1 × V2 → R the map defined by f(x, z) := f(x) for
(x, z) ∈ G, so that (f ◦pi1)(θ) = (f ◦pi)(θ, ω) for (θ, ω) ∈ Fn. With this convention, we have
f ◦pi1 ∈ Λ
1(Rn)∗ if and only if there is a unique η ∈ Λn−1(Rn) such that (f ◦pi)(θ, ω) = θ∧η
for all (θ, ω) ∈ Fn. By Lemma 5.6 this is in turn equivalent to η ∈ Λ
n−1(pi) and f = ψη.
Therefore f ∈ V ∗1 if and only if there is a unique η =: η(f) ∈ Λ
n−1(pi) such that f = ψη. It
can also easily be checked that for every η ∈ Λn−1(pi), there is f ∈ V ∗1 such that ψη = f .
Finally, using Remark 5.7, one gets that the map f ∈ V ∗1 → η(f) ∈ Λ
n−1(pi) is linear.
Therefore V ∗1 and Λ
n−1(pi) are isomorphic as real vector spaces.
One proves in a similar way that V ∗2 and Λ
n−2(pi) are isomorphic as real vector spaces.
To conclude the proof of the proposition, recall that Λn(pi) = Λn(Rn) and hence Λn(pi) and
R are isomorphic as real vector spaces. Since A(V1 × V2) is isomorphic to R⊕ V
∗
1 ⊕ V
∗
2 , we
finally get that the real vector spaces A(V1 × V2) and ⊕
n
k=n−2Λ
k(pi) are isomorphic. 
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Note that it may happen that ⊕nk=n−2Λ
k(pi) is not isomorphic to ⊕nk=n−2Λ
k(Rn), i.e., it
may happen that some affine maps on Λ1(Rn)× Λ2(Rn) do not factor through some given
quotient, see Remark 5.9.
Recall that we know from Corollaries 2.10 and 3.5 that h-affine maps on a step-two Carnot
group with rank 2 are affine, such a step-two Carnot group being isomorphic to F2. We give
in the next theorem a first list of characterizations of step-two Carnot groups with rank ≥ 3
where h-affine maps are affine.
Theorem 5.11. Let (G, ·) = (V1 × V2, [·, ·]) be a step-two Carnot group with rank r ≥ 3.
Then the following are equivalent:
Ah(G) = A(V1 × V2),(i)
⊕n−3k=n−r Λ
k(pi) = {0} for all n ≥ r and all surjective Carnot morphism pi : Fn → G,(ii)
Λr−3(pi) = {0} for some surjective Carnot morphism pi : Fr → G,(iii)
Λn−3(pi) = {0} for some n ≥ r and some surjective Carnot morphism pi : Fn → G,(iv)
Proof. In this proof we identify once again Λn(Rn)-valued maps with real-valued maps. We
know from Theorem 1.2 that for all n ≥ r and all surjective Carnot morphism pi : Fn → G,
the real vector spaces Ah(G) and ⊕
n
k=n−rΛ
k(pi) are isomorphic. Since A(V1×V2) is a linear
subspace of Ah(G) that is by Proposition 5.10 isomorphic to ⊕
n
k=n−2Λ
k(pi), we get that (i)
and (ii) are equivalent.
The implication (ii) ⇒ (iii) is obvious, recalling that the existence of a surjective Carnot
morphism from Fr onto G is a known fact, see Theorem 2.11. The implication (iii) ⇒ (iv)
is trivial.
To complete the proof, its remains to show that (iv) ⇒ (i). Assume that there are some
integer n ≥ r and some surjective Carnot morphism pi : Fn → G such that Λ
n−3(pi) = {0}.
We know from Remark 5.5 that this implies that Λk(pi) = 0 for all k ∈ {n − r, . . . , n − 3}.
Then Theorem 1.2 implies that Ah(G) is isomorphic to ⊕
n
k=n−2Λ
k(pi). Using once again the
fact that A(V1×V2) is a linear subspace of Ah(G) isomorphic to ⊕
n
k=n−2Λ
k(pi), we get that
Ah(G) = A(V1 × V2), which concludes the proof of the theorem. 
In the next theorem we rephrase the various conditions given in Theorem 5.11 through a
characterization that does not depend on the choice of some quotient map.
Theorem 5.12. Let (G, ·) = (V1 × V2, [·, ·]) be a step-two Carnot group. Then Ah(G) =
A(V1 × V2) if and only if the following holds true:
(v) if b : V1 × V2 → R is bilinear and b(x, [x, x
′]) = 0 for all x, x′ ∈ V1, then b = 0.
Proof. Let us assume that Ah(G) = A(V1×V2) and prove that (v) holds. Let b : V1×V2 → R
be a bilinear map such that b(x, [x, x′]) = 0 for all x, x′ ∈ V1. We claim that b ∈ Ah(G).
Indeed, for all x, x′ ∈ V1, z ∈ V2, t ∈ R, we have
b((x, z) · (tx′, 0)) = b(x+ tx′, z + t[x, x′]) = b(x+ tx′, z) = b(x, z) + tb(x′, z),
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where we used the bilinearity and the assumption on b. By the assumption Ah(G) =
A(V1 × V2), such a bilinear map is also affine as a map defined on the real vector space
V1 × V2, which obviously implies that b = 0.
When rankG = 2, recall that we know that Ah(G) = A(V1×V2). Therefore, to prove that
(v) ⇒ Ah(G) = A(V1 × V2), we only need to consider the case where rankG := r ≥ 3, and
we shall prove that (v) ⇒ Theorem 5.11 (iii). To this aim, let pi : Fr → G be a surjective
Carnot morphism and let η ∈ Λr−3(pi). Then ψ˜η is a bilinear form on Λ
1(Rr) × Λ2(Rr).
Using the fact that pi is surjective and linear as a map from Λ1(Rr)×Λ2(Rr) with values in
V1×V2, see Remark 2.8, we get that ψη is a bilinear form on V1×V2. Now let x, x
′ ∈ V1 and
θ, θ′ ∈ Λ1(Rr) be such that pi1(θ) = x, pi1(θ
′) = x′ (we follow here the notations introduced
in Definition 2.7). Since pi is a Carnot morphism, we have pi(θ, θ ∧ θ′) = (x, [x, x′]). Thus
ψη(x, [x, x
′]) = ψ˜η(θ, θ ∧ θ
′) = 0. Therefore (v) implies ψη = 0, and hence η = 0 by
Remark 5.7. And finally we get that Λr−3(pi) = {0}, which concludes the proof of the
theorem. 
Remark 5.13. Let b : V1×V2 → R be a bilinear form. Note that since [·, ·] : V1× V1 → V2 is
bilinear, the map b˜ : (x1, x2, x3) ∈ V1×V1×V1 7→ b(x1, [x2, x3]) is multilinear. Furthermore,
condition (v) can be rephrased in the following equivalent way. Namely, b(x, [x, x′]) = 0 for
all x, x′ ∈ V1 if and only if b˜ is alternating. Indeed, assume that b(x, [x, x
′]) = 0 for all x, x′ ∈
V1. For every x1, x2, x3 ∈ V1, we have b˜(x1, x2, x3)+b˜(x2, x1, x3) = b(x1+x2, [x1+x2, x3]) = 0
hence b˜(x1, x2, x3) = −b˜(x2, x1, x3). By skew-symmetry of [·, ·], we also have b˜(x1, x2, x3) =
b(x1, [x2, x3]) = −b(x1, [x3, x2]) = −b˜(x1, x3, x2) for every x1, x2, x3 ∈ V1. And finally,
b˜(x1, x2, x3) = −b˜(x1, x3, x2) = b˜(x3, x1, x2) = −b˜(x3, x2, x1) for every x1, x2, x3 ∈ V1.
Hence b˜ is alternating. Conversely, assume that b˜ is alternating. Then for every x, x′ ∈ V1
we have b(x, [x, x′]) = b˜(x, x, x′) = 0.
6. Applications and examples
We give in this final section some consequences of the results established in the previous
sections together with explicit examples. We begin with examples of step-two Carnot groups
where h-affine maps are affine.
We recall that a step-two Carnot group (G, ·) = (V1 × V2, [·, ·]) is said to be of Me´tiver’s
type if for every x ∈ V1 \ {0}, the map x
′ ∈ V1 7→ [x, x
′] ∈ V2 is surjective, see [10].
Proposition 6.1. If G is a step-two Carnot group of Me´tivier’s type, then Ah(G) = A(V1×
V2).
Proof. We verify that G satisfies Theorem 5.12 (v). Let b : V1 × V2 → R be bilinear and
such that b(x, [x, x′]) = 0 for all x, x′ ∈ V1. Since the map x
′ ∈ V1 7→ [x, x
′] ∈ V2 is surjective
for all x ∈ V1 \ {0}, it follows that b(x, z) = 0 for all x ∈ V1, z ∈ V2, that is, b = 0. 
We stress that in Proposition 6.1 the Me´tivier’s condition can not be weakened into an
assumption about the surjectivity of the map [·, ·] : V1 × V1 → V2. It turns indeed out
that the fact that h-affine maps are affine has no relation with the surjectivity of [·, ·].
This is already implicitly contained in Theorems 5.11 and 5.12 and can be viewed more
explicitly through the following examples. First, on the one hand, for step-two Carnot
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groups of Me´tivier’s type, the map [·, ·] : V1×V1 → V2 is surjective and we have just proved
in Proposition 6.1 that h-affine maps are affine. On the over hand, recall that in F3 we
have Λ1(R3) ∧ Λ1(R3) = Λ2(R3) but yet A(Λ1(R3) × Λ2(R3))  Ah(F3). Conversely, for
n ≥ 4, we have both Λ1(Rn) ∧ Λ1(Rn)  Λ2(Rn) and A(Λ1(Rn) × Λ2(Rn))  Ah(Fn).
On the other side, we give in Example 6.2 below an example of a step-two Carnot group
(G, ·) = (V1 × V2, [·, ·]) where the map [·, ·] : V1 × V1 → V2 is not surjective but nevertheless
Ah(G) = A(V1 × V2). Note that such a group is in particuliar not of Me´tivier’s type.
Example 6.2. [Example of a step-two Carnot group where [·, ·] is not surjective and h-affine
maps are affine] We set I1 := {0} ⊂ Λ
1(R4), I2 := span{dx1 ∧ dx2 + dx3 ∧ dx4} ⊂ Λ
2(R4)
and I := I1× I2. We consider in this example F4/I equipped with the structure of step-two
Carnot group that makes it isomorphic to (G, ·) = (V1 × V2, [·, ·]) where V1 := Λ
1(R4) and
V2 := Λ
2(R4)/I2, so that rankG = 4 and the quotient map pi : F4 → G is a surjective Carnot
morphism with Kerpi = I. Then a simple computation shows that if η ∈ Λ1(pi) then η = 0.
Hence Ah(G) = A(V1×V2) by Theorem 5.11 (iii). To see that the map [·, ·] : V1×V1 → V2 is
not surjective, we identify V2 with {ω ∈ Λ
2(R4) : ω34 = 0} = span{dxi∧dxj : 12 ≤ ij ≤ 24}
(we follow here the notations introduced in Section 4.1), so that
[θ, θ′] = ((θ1θ
′
2 − θ
′
1θ2)− (θ3θ
′
4 − θ
′
3θ4)) dx1 ∧ dx2 +
∑
13≤ij≤24
(θiθ
′
j − θ
′
iθj) dxi ∧ dxj
for θ =
∑4
i=1 θi dxi and θ
′ =
∑4
i=1 θ
′
i dxi ∈ V1. Let us show that
(6.1) [V1, V1] ∩ {ω ∈ V2 : ω14 = ω23 = 0} ⊂ {ω ∈ V2 : ω
2
12 + 4ω13 ω24 ≥ 0}
so that the map [·, ·] : V1 × V1 → V2 is not surjective, as claimed. To prove (6.1), let
ω ∈ [V1, V1]. Let θ, θ
′ ∈ V1 be such that ω = [θ, θ
′] and set ui := (θi, θ
′
i) ∈ R
2 for i =
1, . . . , 4. Observe that ωij = det(ui, uj) for 13 ≤ ij ≤ 24. Now assume that ω14 =
ω23 = 0, or equivalenlty, that u1 and u4, respectively u2 and u3, are colinear. Since ω12 =
det(u1, u2)− det(u3, u4), we get that there are s, t ∈ R and i1 ∈ {1, 4}, i2 ∈ {2, 3} such that
ω212 + 4ω13 ω24 = ((s + t)
2 − 4st) det(ui1 , ui2)
2 = (s− t)2 det(ui1 , ui2)
2 ≥ 0 which concludes
the proof of (6.1).
The next proposition shows that the fact that h-affine maps are affine is preserved under
direct product with Rd.
Proposition 6.3. Let d ≥ 1 be an integer and G be a step-two Carnot group. Then
Ah(G) = A(V1 × V2) if and only if Ah(G× R
d) = A((V1 ⊕ R
d)× V2).
Here G × Rd denotes the step-two Carnot group given by the direct product of G with
Rd, i.e., G×Rd := (V1 ⊕R
d)× V2 equipped with [·, ·] : (V1 ⊕R
d)× (V1 ⊕R
d)→ V2 defined
by [x + u, x′ + u′] := [x, x′] for all x, x′ ∈ V1, u, u
′ ∈ Rd, where, with a slight abuse of
notations, [·, ·] in the right hand side denotes the bilinear skew-symmetric map that defines
the step-two Carnot group structure on G.
Proof. Assume that Ah(G) = A(V1 × V2) and let us prove that G × R
d satisfies Theo-
rem 5.12 (v). Let b : (V1 ⊕ Rd)× V2 → R be bilinear and such that b(x+ u, [x, x′]) = 0 for
all x, x′ ∈ V1, u ∈ R
d. First, taking u = 0, we get that b(x, [x, x′]) = 0 for all x, x′ ∈ V1.
Since, by assumption, G satisfies Theorem 5.12 (v), it follows that b(x, z) = 0 for all x ∈ V1,
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z ∈ V2. By bilinearity of b, it next follows that b(u, [x, x
′]) = 0 for all x, x′ ∈ V1, u ∈ R
d.
Since span{[x, x′] : x, x′ ∈ V1} = V2, we get that b(u, z) = 0 for all u ∈ R
d, z ∈ V2. Hence
b = 0.
Conversely, assume that A(V1 × V2)  Ah(G) and let f ∈ Ah(G) \ A(V1 × V2). Then
define f˜ : G × Rd → R by f˜(x + u, z) := f(x, z) for x ∈ V1, u ∈ R
d, z ∈ V2. We have
f˜ 6∈ A((V1⊕R
d)×V2). On the other hand, for all x, x
′ ∈ V1, u ∈ R
d, z ∈ V2, t ∈ R, we have
f˜((x+ u, z) · (t(x′ + u′), 0)) = f((x, z) · (tx′, 0)). Therefore f˜ ∈ Ah(G × R
d). 
We now prove that the fact that h-affine maps are affine is also preserved under direct
product between step-two Carnot groups, with an argument similar to the one used for
Proposition 6.3.
Proposition 6.4. Let G = V1 × V2 and G
′ = V ′1 × V
′
2 be step-two Carnot groups. Then
Ah(G) = A(V1 × V2) and Ah(G
′) = A(V ′1 × V
′
2) if and only if Ah(G×G
′) = A((V1 ⊕ V
′
1)×
(V2 ⊕ V
′
2)).
Here G×G′ denotes the direct product of G with G′, i.e., G×G′ := (V1⊕V
′
1)× (V2⊕V
′
2)
equipped with [·, ·] : (V1⊕V
′
1)×(V1⊕V
′
1)→ V2⊕V
′
2 defined by [x+x
′, y+y′] := [x, y]+[x′, y′]
for all x, y ∈ V1, x
′, y′ ∈ V ′1 , where, with a slight abuse of notations, we denote with the same
symbol the bilinear skew-symmetric maps that define the step-two Carnot group structure
on G, G′ and G×G′.
Proof. Assume that Ah(G) = A(V1 × V2) and Ah(G
′) = A(V ′1 × V
′
2) and let us prove that
G ×G′ satisfies Theorem 5.12 (v). Let b : (V1 ⊕ V
′
1) × (V2 ⊕ V
′
2) → R be bilinear and such
that
(6.2) b(x+ x′, [x, y] + [x′, y′]) = 0 for all x, y ∈ V1, x
′, y′ ∈ V ′1 .
First, taking x′ = 0 in (6.2), we get that b(x, [x, y]) = 0 for all x, y ∈ V1. Since, by
assumption, G satisfies Theorem 5.12 (v), it follows that b(x, z) = 0 for all x ∈ V1, z ∈ V2.
Similarly, we have b(x′, z′) = 0 for all x′ ∈ V ′1 , z
′ ∈ V ′2 . Next, taking y = 0 in (6.2), we
get that b(x, [x′, y′]) = 0 for all x′, y′ ∈ V ′1 , x ∈ V1. Since span{[x
′, y′] : x′, y′ ∈ V ′1} = V
′
2 ,
it follows that b(x, z′) = 0 for all x ∈ V1, z
′ ∈ V ′2 . Similarly, we have b(x
′, z) = 0 for all
x′ ∈ V ′1 , z ∈ V2. Hence b = 0.
Conversely, assume that A(V1 × V2)  Ah(G) and let f ∈ Ah(G) \ A(V1 × V2). Then
define f˜ : G × G′ → R by f˜(x + x′, z + z′) := f(x, z) for x ∈ V1, x
′ ∈ V ′1 , z ∈ V2, z
′ ∈ V ′2 .
We have f˜ 6∈ A((V1 ⊕ V
′
1) × (V2 ⊕ V
′
2)). On the other hand, for all x, y ∈ V1, x
′, y′ ∈ V ′1 ,
z ∈ V2, z
′ ∈ V ′2 , t ∈ R, we have f˜((x+x
′, z+z′) · (t(y+y′), 0)) = f((x, z) · (ty, 0)). Therefore
f˜ ∈ Ah(G×G
′). 
Given step-two Carnot groups G and G′, we say that G′ is a quotient of G, or equivalently
G has G′ as one of its quotients, if there is a surjective Carnot morphism pi : G → G′. We
say that the quotient is proper if in addition Kerpi 6= {(0, 0)}. The next proposition shows
that if h-affine maps on a step-two Carnot group are affine then this holds also true in each
one of its proper quotients.
Proposition 6.5. Let G = V1 × V2 be a step-two Carnot group. Assume that Ah(G) =
A(V1 × V2). Then Ah(G
′) = A(V ′1 × V
′
2) for every proper quotient G
′ = V ′1 × V
′
2 of G.
HORIZONTALLY AFFINE MAPS ON STEP-TWO CARNOT GROUPS 37
Proof. First, we know from (2.2) that A(V ′1 × V
′
2) ⊂ Ah(G
′). Next, let pi : G → G′ be a
surjective Carnot morphism and let f ∈ Ah(G
′). By Lemma 2.9, we have f ◦ pi ∈ Ah(G).
By assumption, we get that f ◦ pi is affine as a map from V1 × V2 with real values. Since
pi is surjective and linear as a map from V1 × V2 with values in V
′
1 × V
′
2 , it follows that
f ∈ A(V ′1 × V
′
2). 
Note that it is easy to see that the converse of Proposition 6.5 does not hold true. Consider
indeed F3 where we know that A(Λ
1(R3)× Λ2(R3))  Ah(F3). Let G = V1 × V2 be a step-
two Carnot group that is one of its proper quotients. If rankG = 2, then G is isomorphic to
F2 and therefore Ah(G) = A(V1×V2) (see Corollaries 2.10 and 3.5). If rankG = 3, the fact
that Ah(G) = A(V1 × V2) follows easily from Theorem 5.11 (iii). Indeed let pi : F3 → G be
a surjective Carnot morphism with Kerpi 6= {(0, 0)}. Then, for η ∈ Λ0(R3) \ {0}, we have
Anh1,2∧ η = {(0, 0)}, and hence we do not have Kerpi ⊂ Anh
1,2
∧ η. Therefore Λ
0(pi) = {0}.
Since we know that the first case of a free step-two Carnot group where there are h-affine
maps that are not affine is given by F3, we get from Proposition 6.5 the following sufficient
condition for the existence of h-affine maps that are not affine.
Corollary 6.6. Let G be a step-two Carnot group. Assume that G has F3 as one of its
quotients. Then A(V1 × V2)  Ah(G).
We stress that the converse of Corollary 6.6 does not hold true. This fact is not as
trivial as for the non validity of the converse of Proposition 6.5 and can be seen through
Example 6.7 below. Note that this example gives also an example, less trivial than F3, for
which the converse of Proposition 6.5 does not hold.
Example 6.7. We give here an example of a step-two Carnot group G = V1×V2 with rank 5
and with the following two properties. First, A(V1 × V2)  Ah(G). Second, Ah(G
′) =
A(V ′1 × V
′
2) for each one of its proper quotients. Therefore, such a group gives a counter
example to the converse of both Proposition 6.5 and Corollary 6.6. We consider
η := dx1 ∧ dx2 + dx4 ∧ dx5 ∈ Λ
2(R5)
and the step-two Carnot group G := F5/Anh
1,2
∧ η. Then the quotient map p˜i : F5 → G is
a surjective Carnot morphism with Ker p˜i = Anh1,2∧ η, see Remark 5.4. Since η 6= 0, we get
from Theorem 5.11 (iii) that there are h-affine maps on G that are not affine. Next, we
claim that
(6.3) η′ ∈ Λ2(R5) and Anh1,2∧ η ⊂ Anh
1,2
∧ η
′ ⇒ η′ = λη for some λ ∈ R .
Indeed let η′ ∈ Λ2(R5) be given and assume that Anh1,2∧ η ⊂ Anh
1,2
∧ η
′. We have Anh1,2∧ η =
I1 × I2 with I1 := {θ ∈ Λ
1(R5) : θ ∧ η = 0} = {0} and I2 := {ω ∈ Λ
2(R5) : ω ∧ η =
0} = span{dx1 ∧ dx2 − dx4 ∧ dx5, dx1 ∧ dx4, dx1 ∧ dx5, dx2 ∧ dx4, dx2 ∧ dx5}. Writing
η′ =
∑
1≤i<j≤5 η
′
ij dxi ∧ dxj , we get
(dx1 ∧ dx2 − dx4 ∧ dx5) ∧ η
′ = 0 ⇒ η′34 = η
′
35 = η
′
45 − η
′
12 = η
′
13 = η
′
23 = 0
and for i = 1, 2, j = 4, 5,
dxi ∧ dxj ∧ η
′ = 0 ⇒ η′ij = 0 ,
which proves (6.3). Now let G′ be a step-two Carnot group that is a proper quotient ofG, i.e.,
there is a surjective Carnot morphism pi : G→ G′ with Kerpi 6= {(0, 0}. Then pi◦p˜i : F5 → G
′
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is a surjective Carnot morphism. Let η′ ∈ Λ2(R5) be such that Kerpi ◦ p˜i ⊂ Anh1,2∧ η
′. Then
Anh1,2∧ η = Ker p˜i ⊂ Kerpi ◦ p˜i ⊂ Anh
1,2
∧ η
′ and it follows from (6.3) that η′ = λη for
some λ ∈ R. If λ 6= 0 then Anh1,2∧ η = Anh
1,2
∧ η
′ = Kerpi ◦ p˜i = Ker p˜i and we get that
Kerpi = {(0, 0)}, a contradiction. Therefore η′ = 0 and hence Λ2(pi ◦ p˜i) = {0}. Then it
follows from Theorem 5.11 (iv) that h-affine maps on G′ are affine.
In the next proposition we give necessary conditions for the existence of h-affine maps
that are not affine. These necessary conditions will be obtained as a consequence of Theo-
rem 5.12 (v). Before we state the proposition, we introduce some notation. Given a step-two
Carnot group G and x1, x2, x3 ∈ V1, we denote by Lie(x1, x2, x3) the Lie subgroup of G gen-
erated by x1, x2, x3 (we identify here x1, x2, x3 ∈ V1 with elements in G in the obvious way),
namely,
Lie(x1, x2, x3) := span {x1, x2, x3} × span {[xi, xj ] : i, j ∈ {1, 2, 3}} .
Note that the structure of step-two Carnot group of G induces on Lie(x1, x2, x3) a structure
of step-two Carnot group that makes it isomorphic to F3 if and only if dim span{[xi, xj ] :
i, j ∈ {1, 2, 3}} = 3.
Proposition 6.8. Let G be a step-two Carnot group. Assume that A(V1 × V2)  Ah(G).
Then there are x1, x2, x3 ∈ V1 such that Lie(x1, x2, x3) is isomorphic to F3. In addition,
there is a bilinear map b : V1 × V2 → R such that b(x, [x, x
′]) = 0 for all x, x′ ∈ V1 and
b(x1, [x2, x3]) = 1.
Proof. By Theorem 5.12 (v), there is a non zero bilinear map b : V1 × V2 → R such that
b(x, [x, x′]) = 0 for all x, x′ ∈ V1. Since b 6= 0, there are x1 ∈ V1, z1 ∈ V2 such that
b(x1, z1) 6= 0. We then claim that there are x2, x3 ∈ V1 such that b(x1, [x2, x3]) 6= 0. Indeed
otherwise, by bilinearity of b and since span{[x, x′] : x, x′ ∈ V1} = V2, we would have
b(x1, z) = 0 for all z ∈ V2. This contradicts the fact that b(x1, z1) 6= 0. We may thus
assume with no loss of generality that b(x1, [x2, x3]) = 1. To conclude the proof, let us
verify that [x1, x2], [x1, x3], [x2, x3] are linearly independent. Let s1, s2, s3 ∈ R be such that
s3[x1, x2] + s2[x1, x3] + s1[x2, x3] = 0. For i ∈ {1, 2, 3}, we have b(xi, s3[x1, x2] + s2[x1, x3] +
s1[x2, x3]) = si b(xi, [xk, xl]) = 0 where k < l and {k, l} = {1, 2, 3}\{i}. By Remark 5.13 we
have b(x3, [x1, x2]) = −b(x2, [x1, x3]) = b(x1, [x2, x3]) = 1. Therefore si = 0 for i ∈ {1, 2, 3}
and this concludes the proof. 
Proposition 6.8 has the following straightforward consequence.
Corollary 6.9. Let G be a step-two Carnot group with dimV2 ≤ 2. Then Ah(G) = A(V1×
V2).
Let us stress that the existence of a Lie subgroup that is isomorphic to F3 is not a sufficient
condition to ensure that A(V1 × V2)  Ah(G), as the following two examples show.
Example 6.10. The quaternionic Heisenberg group H × ImH gives an example of a step-
two Carnot group where h-affine maps are affine but that has Lie subgroups isomorphic to
F3. We shall actually prove the stronger following fact. The Lie subgroup of H × ImH
generated by any three linearly independent elements in H is isomorphic to F3. Indeed,
denote by i, j, k the quaternion units satisfying i2 = j2 = k2 = ijk = −1. Given a
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quaternion q := q1 + iq2 + jq3 + kq4 ∈ H, where qi ∈ R, denote by Im q its imaginary part,
Im q := iq2 + jq3 + kq4, and by q its conjugate, q := q1 − iq2 − jq3 − kq4. Equip H× ImH
with the bilinear skew-symmetric map [·, ·] : H × H → ImH given by [q, q′] := Im(q q′)
that makes H × ImH a step-two Carnot group. It is well known that such a step-two
Carnot group is of Heisenberg type, and therefore of Me´tivier’s type (see for instance [9]).
Hence we know from Proposition 6.1 that h-affine maps on H × ImH are affine. To see
that the Lie subgroup of H × ImH generated by any three linearly independent elements
in H is isomorphic to F3, observe that for q, q
′ ∈ H, we have [q, q′] = 0 if and only if q
and q′ are colinear. This indeed follows from the fact that for q ∈ H \ {0}, the linear map
[q, ·] : H → ImH is surjective with q ∈ Ker[q, ·], together with the fact that dimH = 4 and
dim ImH = 3. Then let q1, q2, q3 ∈ H be linearly independent and assume by contradiction
that dim span{[qi, qj ] : i, j ∈ {1, 2, 3}} ≤ 2. Exchanging the role of q1, q2, q3 if necessary,
this means that there are s, t ∈ R such that [q2, q3] = s[q1, q2] + t[q1, q3]. Then we have
[q2−tq1, sq1+q3] = 0 which implies that q2−tq1 and sq1+q3 are colinear and contradicts the
fact that q1, q2, q3 are linearly independent. Therefore dim span{[qi, qj] : i, j ∈ {1, 2, 3}} = 3
and Lie(q1, q2, q3) is isomorphic to F3.
Example 6.11. Let us reconsider the step-two Carnot group G from Example 6.2 where
we already know that h-affine maps are affine, and let us verify that, nevertheless, G has
Lie subgroups isomorphic to F3. We recall that in this example V1 = Λ
1(R4) and we
shall actually prove the stronger following fact. The Lie subgroup of G generated by any
three linearly independent elements in Λ1(R4) is isomorphic to F3. Indeed, recall more
precisely that there is surjective Carnot morphism pi : F4 → G such that Kerpi = {0} × I2
where I2 := span{dx1 ∧ dx2 + dx3 ∧ dx4}. Let θ1, θ2, θ3 ∈ Λ
1(R4) be linearly independent
and assume by contradiction that dim span{pi2(θi ∧ θj) : i, j ∈ {1, 2, 3}} ≤ 2. We follow
here the notations about Carnot morphisms introduced in Definition 2.7. Then there are
(a, b, c) ∈ R3 \ {(0, 0, 0)} such that a pi2(θ1 ∧ θ2)+ b pi2(θ1 ∧ θ3)+ c pi2(θ2 ∧ θ3) = 0. It follows
that a θ1 ∧ θ2+ b θ1 ∧ θ3+ c θ2 ∧ θ3 ∈ Kerpi2. We have (a θ1 ∧ θ2+ b θ1 ∧ θ3+ c θ2 ∧ θ3)
2 = 0.
Since Kerpi2 = span{dx1 ∧ dx2 + dx3 ∧ dx4} and (dx1 ∧ dx2 + dx3 ∧ dx4)
2 6= 0, it follows
that a θ1 ∧ θ2 + b θ1 ∧ θ3 + c θ2 ∧ θ3 = 0, which contradicts the fact that θ1, θ2, θ3 ∈ Λ
1(R4)
are linearly independent and concludes the proof.
When rankG = 3, we get from Corollary 2.10 and Proposition 6.8 that A(V1 × V2)  
Ah(G) if and only if G is isomorphic to F3. This fact generalizes to step-two Carnot groups
with dimV2 = 3 in the following way.
Proposition 6.12. Let G be a step-two Carnot group. Assume that dimV2 = 3. Then
A(V1 × V2)  Ah(G) if and only if G is isomorphic to the direct product F3 × R
d for some
non negative integer d.
Proof. If G is isomorphic to the direct product F3×R
d for some non negative integer d then
G has F3 as one of its quotient and we know by Corollary 6.6 that A(V1 × V2)  Ah(G).
Conversely, assume that A(V1 × V2)  Ah(G). First, if rankG = 3, since dimV2 = 3,
then G is isomorphic to F3. Next, assume that r := rankG ≥ 4. By Proposition 6.8,
there are x1, x2, x3 ∈ V1 such that Lie(x1, x2, x3) is isomorphic to F3 and there is a bilinear
map b : V1 × V2 → R such that b(x, [x, x
′]) = 0 for all x, x′ ∈ V1 and b(x1, [x2, x3]) = 1.
Set V := span{x1, x2, x3}. We first claim that for every x ∈ V1 \ V there is x
′ ∈ V
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such that [xj , x + x
′] = 0 for j ∈ {1, 2, 3}. To prove this claim, let x ∈ V1 \ V be given.
Since dimV2 = 3 = dim{[xi, xj ] : 1 ≤ i < j ≤ 3}, there are x
j
i ∈ R, i, j ∈ {1, 2, 3}
such that [xj , x] = x
j
3 [x1, x2] − x
j
2 [x1, x3] + x
j
1 [x2, x3]. By Remark 5.13, the map (y, y
′) ∈
V × V 7→ b(y, [y′, x]) is bilinear and skew-symmetric. For y =
∑
1≤i≤3 αi xi ∈ V and
y′ =
∑
1≤j≤3 βj xj ∈ V , we have b(y, [y
′, x]) =
∑
1≤i,j≤3 x
j
i αi βj . By skew-symmetry, we get
xji = −x
i
j for i, j ∈ {1, 2, 3}. Then x
′ := x23 x1+x
3
1 x2+x
1
2 x3 is such that [xj , x+x
′] = 0 for
j ∈ {1, 2, 3}, which proves the claim. It follows that one can find x4, . . . , xr ∈ V1 such that
(x1, . . . , xr) is a basis of V1 and such that [xi, xk] = 0 for i ∈ {1, 2, 3}, k ∈ {4, . . . , r}. To
conclude the proof, we verify that [xk, xl] = 0 for k, l ∈ {4, . . . , r}. Let k, l ∈ {4, . . . , r} be
given and write [xk, xl] = s3 [x1, x2] − s2 [x1, x3] + s1 [x2, x3] with si ∈ R. For i ∈ {1, 2, 3},
we have b(xi, [xk, xl]) = si. On the other hand, b(xi, [xk, xl]) = b(xl, [xi, xk]) = 0. Hence
si = 0 for i ∈ {1, 2, 3} and therefore [xk, xl] = 0. 
To conclude this section, let us go back to Examples 6.10 and 6.11. Recall that an affine
map defined on an affine subspace of a vector space can always be extended to an affine map
on the whole space. Examples 6.10 and 6.11 show that the analogue of such an extension
property does not hold in our setting. Namely, let G be a step-two Carnot group as in these
examples, i.e., assume that Ah(G) = A(V1 × V2) and that there are x1, x2, x3 ∈ V1 such
that Lie(x1, x2, x3) is isomorphic to F3. Since A(Λ
1(R3)×Λ1(R3)  Ah(F3), we know from
Corollary 2.10 that one can find f ∈ Ah(Lie(x1, x2, x3))\A(span{x1, x2, x3}× span{[xi, xj ] :
i, j ∈ {1, 2, 3}}). Assume that there is f ∈ Ah(G) whose restriction to Lie(x1, x2, x3) is f .
By assumption on G, we have f ∈ A(V1×V2). Since span{x1, x2, x3}× span{[xi, xj ] : i, j ∈
{1, 2, 3}} is a linear subspace of V1× V2, it follows that the restriction of f to this subspace
is still affine, i.e., f ∈ A(span{x1, x2, x3} × span{[xi, xj] : i, j ∈ {1, 2, 3}}), which gives a
contradiction.
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